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NEF LINE BUNDLES ON CALABI-YAU THREEFOLDS, I
VLADIMIR LAZIC´, KEIJI OGUISO, AND THOMAS PETERNELL
Abstract. We prove that a nef line bundle L with c1(L)
2 6= 0 on a
Calabi-Yau threefold X with Picard number 2 and with c3(X) 6= 0 is
semiample, that is, some multiple of L is generated by global sections.
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1. Introduction
The following is a standard conjecture in the theory of simply connected
Ricci-flat compact Ka¨hler manifolds.
Conjecture 1.1. Let X be a simply connected compact Ka¨hler manifold
with c1(X) ≡ 0. Let L be a nef line bundle on X. Then L is semiample,
that is, there exists a positive integer m such that L⊗m is generated by global
sections.
Recall that a line bundle L on a projective manifold X of dimension n
is nef if c1(L) · C ≥ 0 for every irreducible curve C on X; in the Ka¨hler
setting, L being nef means that c1(L) is in the closure of the Ka¨hler cone.
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In this paper we consider the case of dimension three, in which setting X is
automatically projective. Conjecture 1.1, which should be seen as a stronger
form of log abundance on Calabi-Yau manifolds, is rather mysterious unless
c1(L)
dimX > 0, and almost nothing is known when dimX > 2.
Our results towards Conjecture 1.1 are the following. The first result
describes a general strategy towards Conjecture 1.1.
Theorem 1.2. Let X be a three-dimensional simply connected projective
manifold with c1(X) ≡ 0 and c3(X) 6= 0. Let L be a nef line bundle on X
with c1(L)
2 6≡ 0. Let G be a smooth ample divisor on X. Assume that there
exists a very ample divisor H on X and a positive integer m such that for
general D ∈ |H| (so that G+D has simple normal crossings) we have:
(i) the locally free sheaf Ω1X
(
log(D +G)
)
⊗ L⊗m is nef, and
(ii) the line bundle L|D+G is ample.
Then L is semiample.
This result is Theorem 5.1 and is a special case of Theorem 8.5 below.
Here, recall that a locally free sheaf E is nef if the line bundle OP(E)(1) is nef.
Note that the condition that L|G+D is ample is equivalent to the ampleness
of L|G and of L|D and therefore by Proposition 2.8, to saying that there is
no irreducible surface S on X such that c1(L) · S = 0.
As a consequence of Theorem 1.2 we obtain the following:
Theorem 1.3. Let X be a three-dimensional simply connected projective
manifold with c1(X) ≡ 0 and with Picard number 2. Suppose further that
c3(X) 6= 0. Then any nef line bundle L on X with c1(L)
2 6≡ 0 is semiample.
Theorem 1.3 was claimed in [Wil94], even in a more general setting, but
we were unable to follow the proof; cp. Theorem 5.1. However, the general
ideas of [Wil94] are important.
The assumption that ρ(X) = 2 in Theorem 1.3 is essential in the proof,
but we hope that the strategy and some of the methods can be useful also
in the general case. We also emphasize that there is a wealth of interesting
families of Calabi-Yau threefolds of Picard number ρ(X) = 2; we refer to
[LP13, Ogu14] and the references given therein. Notice also that if L is a
semiample line bundle on a Calabi-Yau threefold with c1(L)
2 6≡ 0 and c1(L) ·
c2(X) = 0, then ρ(X) ≥ 3 by [Ogu93]. Therefore, in order to remove the
assumption c3(X) 6= 0 in Theorem 1.3, one should prove the non-existence
of a nef line bundle L such that c1(L)
2 6≡ 0 and c1(L) · c2(X) = 0 rather
than proving abundance for L.
The semiampleness of a nef line bundle L on a simply connected projective
threefold X with c1(X) ≡ 0 is obvious if c1(L) ≡ 0 (in which case L ≃
OX), and when L is big, it is a consequence of the basepoint free theorem
[Sho85, Kaw85]. However, if there is no bigness assumption, the existence
of sections is notoriously difficult. Remarkably, as a consequence of log
abundance for threefolds, in order to show semiampleness of L, by [Ogu93,
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KMM94, Kaw92], it suffices to show that
H0(X,L⊗m) 6= 0 for some positive m.
Our results are also related to the Cone conjecture of Morrison and Kawa-
mata. As we discuss in Section 2, a consequence of Kawamata’s formulation
of the Cone conjecture is the following structural prediction.
Conjecture 1.4. Let X be a Q-factorial projective variety with klt singu-
larities and with numerically trivial canonical class KX . Then Nef(X)
+ =
Nef(X)e.
Here, Nef(X)+ and Nef(X)e are the parts of the nef cone of X spanned
by rational, respectively effective, classes. It seems to have been unknown
thus far whether one of these cones is a subset of the other, unless X is
an abelian variety or a hyperka¨hler manifold [Bou04]; see also [CO15] for
results on special Calabi-Yau manifolds in any dimension.
Theorem 2.15 below gives a short proof that in the most general setting
we have Nef(X)e ⊆ Nef(X)+. Thus, Theorem 1.3 together with Theorem
2.15 can be restated as follows.
Corollary 1.5. Let X be a three-dimensional simply connected projective
manifold with c1(X) ≡ 0 and with Picard number 2. Assume that c3(X) 6= 0
and that X does not carry a non-trivial line bundle L with c1(L)
2 ≡ 0 and
c1(L) · c2(X) = 0. Then Conjecture 1.4 holds: Nef(X)
+ = Nef(X)e.
In fact, by Theorem 1.3 and the discussion below it, every nef line bundle
on X is semiample.
Another application concerns the existence of rational curves on Calabi-
Yau threefolds. It is known that rational curves exist on Calabi-Yau three-
folds with Picard number at least 14, cf. [HBW92, Theorem], but almost
nothing is known for smaller Picard number apart from [DF14]. Using
[Pet91, Ogu93], in Section 7 we deduce the following:
Corollary 1.6. Let X be a three-dimensional simply connected projective
manifold with c1(X) ≡ 0, c3(X) 6= 0 and with Picard number 2. Assume
that not both boundary rays of the cone Nef(X) are irrational. Then X has
a rational curve.
We spend a few words on the method of the proof of Theorem 1.2 and
Theorem 1.3, given in Sections 5, 6 and 8. For Theorem 1.2, arguing by
contradiction and possibly replacing L by a multiple, we first observe that
H0(X,Ω1X ⊗ L
⊗m) = 0 for all m,
cf. [Wil94, 3.1]. Our method is then to study the cohomology of logarithmic
differentials with poles along a smooth very ample divisor D and with values
in L⊗m. As the final outcome, we show the crucial vanishing
H2(X,Ω1X ⊗ L
⊗m) = 0 for large m.
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Then it is not difficult to see that
(1) Hq(X,ΩpX ⊗ L
⊗m) = 0 for all p and q, and all m with |m| ≫ 0.
Using the Hirzebruch-Riemann-Roch, we deduce c3(X) = 0. We conjecture
that the vanishings (1) can never happen.
For Theorem 1.3, the main point is to establish the nefness of logarithmic
bundles
Ω1X(logD)⊗ L
⊗m
for a carefully chosen very ample divisor D, and for this choice of D the
assumption ρ(X) = 2 is needed, see Proposition 6.7.
In Section 8 we generalise Theorem 1.2 to the case when there exist (nec-
essarily finitely many) surfaces S such that c1(L) · S = 0.
2. Preliminaries
Throughout the paper we work over the field of complex numbers C. For
a variety X, Pic(X) is the Picard group of X and N1(X) is the Ne´ron-Severi
group of X. The Picard number of X is ρ(X) = rkN1(X). If L is a nef
Cartier divisor on X, the numerical dimension of L is
ν(X,L) = max{k ∈ N | Lk 6≡ 0}.
If D =
∑k
i=1Di is a reduced divisor with simple normal crossings on a
smooth variety X, recall that we have the locally free sheaf of logarithmic
differentials Ω1X(logD) together with the exact residue sequences
(2) 0→ Ω1X → Ω
1
X(logD)→
k⊕
i=1
ODi → 0,
(3) 0→ Ω1X
(
log(D −Dk)
)
→ Ω1X(logD)→ ODk → 0,
and
0→ Ω1X(logD)(−Dk)→ Ω
1
X
(
log(D −Dk)
)
(4)
→ Ω1Dk
(
log(D −Dk)|Dk
)
→ 0,
cf. [EV92, §2].
2.1. Calabi-Yau threefolds. A Calabi-Yau manifold is by definition a
compact Ka¨hler manifoldX which is simply connected and has trivial canon-
ical bundle ωX ≃ OX . A three-dimensional Calabi-Yau manifold is simply
called Calabi-Yau threefold, and thus a Calabi-Yau threefold in this paper is
always smooth and projective. We notice that h1(X,OX ) = h
2(X,OX ) = 0
and hence Pic(X) ≃ N1(X).
If E is a vector bundle on a Calabi-Yau threefold X, then by the Hirze-
bruch-Riemann-Roch theorem [Har77, p. 432] we have
(5) χ(X, E) =
1
12
c1(E)c2(X) +
1
6
(
c1(E)
3 − 3c1(E)c2(E) + 3c3(E)
)
.
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In particular, for a Cartier divisor L on X this gives
(6) χ(X,L) =
1
6
L3 +
1
12
L · c2(X).
For a vector bundle E of rank 3 and a line bundle L on X, [Ful98, Example
3.2.2] gives
c1(E ⊗ L) = 3c1(L) + c1(E),
c2(E ⊗ L) = 3c1(L)
2 + 2c1(E)c1(L) + c2(E),(7)
c3(E ⊗ L) = c1(L)
3 + c1(E)c1(L)
2 + c2(E)c1(L) + c3(E).
Given a locally free sheaf E , we denote its k-th Segre class by sk(E). The
sign is determined in such a way that if E has rank r and dimX = n, then
sr(E) = c1
(
OP(E)(1)
)n+r−1
.
Here P(E) is defined by taking hyperplanes; in particular, sk(E) differs in
sign from the definition in [Ful98, Chapter 3] in the case when k is odd.
Proposition 2.1. If X is a Calabi-Yau threefold, then c2(X) ∈ NE(X)\{0}.
Proof. We have c2(X) ∈ NE(X) by [Miy87] and c2(X) 6= 0 by Yau’s theo-
rem, see for example, [Kob87, IV.4.15]. 
Proposition 2.2. Let X be a Calabi-Yau threefold, let L be a nef Cartier
divisor on X which is not semiample, and let D1 and D2 be prime divisors
on X such that D1 +D2 has simple normal crossings. Denote
Em = Ω
1
X(logD1)⊗OX(mL)
and
E ′m = Ω
1
X
(
log(D1 +D2)
)
⊗OX(mL).
Then
(i) κ(X,L) = −∞,
(ii) L3 = L · c2(X) = 0,
(iii) χ
(
X,OX(mL)
)
= 0 for every m,
(iv) χ
(
X,Ω1X ⊗OX(mL)
)
= −12c3(X) for every m,
(v) for every m we have
χ(X, Em) =
1
2
m2L2 ·D −
1
2
mL ·D2 +
1
6
D3 +
1
12
D · c2(X) −
1
2
c3(X),
(vi) for every m we have
s3(E
′
m) = 10m
2L2 · (D1 +D2) + 5mL ·D1 ·D2 − (D1 +D2) · c2(X)− c3(X).
Proof. The statement (i) is [Ogu93], or it can be viewed as a consequence of
log abundance for threefolds [KMM94]. Statement (ii) is the basepoint free
theorem together with [Ogu93, 2.7]. From (ii) and (6) we obtain (iii).
Set Fm = Ω
1
X ⊗OX(mL). Using (7) and (ii), we calculate:
c1(Fm) = 3mL, c2(Fm) = 3m
2L2 + c2(X), c3(Fm) = −c3(X),
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which gives (iv) by (5) and (ii).
Since cj(OD) = D
j for 1 ≤ j ≤ 3, from (2) we obtain
c1
(
Ω1X(logD)
)
= D, c2
(
Ω1X(logD)
)
= c2(X) +D
2,
c3
(
Ω1X(logD)
)
= c2(X) ·D − c3(X) +D
3.
Using (7) and (ii), we calculate:
c1(Em) = 3mL+D, c2(Em) = 3m
2L2 + 2mL ·D + c2(X) +D
2,
c3(Em) = m
2L2 ·D +mL ·D2 + c2(X) ·D − c3(X) +D
3,
which gives (v) by (5) and (ii).
Finally, similarly as above we obtain
c1
(
Ω1X(log(D1 +D2))
)
= D1 +D2,
c2
(
Ω1X(log(D1 +D2))
)
= c2(X) +D
2
1 +D
2
2 +D1 ·D2,
c3
(
Ω1X(log(D1 +D2))
)
= c2(X) · (D1 +D2)− c3(X)
+D31 +D
3
2 +D
2
1 ·D2 +D1 ·D
2
2 ,
and hence:
c1(E
′
m) = 3mL+D1 +D2,
c2(E
′
m) = 3m
2L2 + 2mL · (D1 +D2) + c2(X) +D
2
1 +D
2
2 +D1 ·D2,
c3(E
′
m) = m
2L2 · (D1 +D2) +mL · (D
2
1 +D
2
2 +D1 ·D2)
+ c2(X) · (D1 +D2)− c3(X) +D
3
1 +D
3
2 +D
2
1 ·D2 +D1 ·D
2
2.
Now (vi) follows from the formulas above, from (ii) and from the formula
s3(Em) = c1(Em)
3 − 2c1(Em) · c2(Em) + c3(Em).
This finishes the proof. 
Lemma 2.3. Let X be a Calabi-Yau threefold with ρ(X) = 2, and assume
that there exists a nef Cartier divisor L on X which is not semiample. If
S ⊆ X is an irreducible surface, then S · c2(X) > 0.
Proof. Fix an ample effective divisor H on X. Since ρ(X) = 2, we can write
S = αL+ βH with α, β ∈ Q.
Notice that β > 0, since otherwise αL is effective, that is κ(X,L) ≥ 0, which
contradicts Proposition 2.2(i). Hence
S · c2(X) = βH · c2(X) > 0,
by Proposition 2.2(ii) and Proposition 2.1. 
Lemma 2.4. Let X be a Calabi-Yau threefold with ρ(X) = 2, and assume
that there exists a nef Cartier divisor L on X with ν(X,L) = 2 which is not
semiample. Then for every surface S on X we have L2 · S > 0.
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Proof. Assume that S is a surface on X with L2 · S = 0. Since L is not
semiample, S is not proportional to L by Proposition 2.2(i). Therefore, as
ρ(X) = 2, the divisors L and S form a basis of N1(X)R. Since also L
3 = 0,
the 1-cycle L2 is orthogonal to L and S, hence L2 ≡ 0, a contradiction to
the assumption ν(X,L) = 2. 
Lemma 2.5. Let X be a Calabi-Yau threefold with ρ(X) = 2, and assume
that there exists a nef Cartier divisor L on X with ν(X,L) = 2 which is not
semiample.
(a) There exist only countably many curves Ci on X such that L·Ci = 0.
(b) If A is a basepoint free ample divisor and if D is a very general
member of the linear system |A|, then Ci 6⊆ D for all i, and L|D is
ample.
Proof. Assume (a) does not hold. Then, since the Chow scheme of X has
only countably many components, there exists a one-dimensional family
(Ct)t∈T of generically irreducible curves such that
(8) L · Ct = 0 for all t ∈ T.
Let S be the irreducible surface covered by the curves Ct. Then L|S is a
nef divisor which is not big: otherwise, by Kodaira’s trick we could write
L|S ∼Q H + E for ample, respectively effective, Q-divisors H and E on
S. But then (8) implies E · Ct < 0 for all t ∈ T , hence Ct ⊆ SuppE, a
contradiction. Therefore (L|S)
2 = 0, a contradiction with Lemma 2.4. This
shows (a).
For (b), ifD ∈ |A| is general, then clearly Ci 6⊆ D by (a), and L|D is ample
by the Nakai-Moishezon criterion due to L2 ·D > 0 by Lemma 2.4. 
2.2. Nef reduction. We need the notion of the nef reduction of a nef di-
visor. The following is the main result of [BCE+02].
Theorem 2.6. Let L be a nef divisor on a normal projective variety X.
Then there exists an almost holomorphic dominant rational map f : X 99K Y
with connected fibres, called nef reduction of L, such that:
(i) L is numerically trivial on all compact fibres F of f with dimF =
dimX − dimY ,
(ii) for every very general point x ∈ X and every irreducible curve C on
X passing through x and not contracted by f , we have L · C > 0.
The map f is unique up to birational equivalence of Y .
The following is an immediate consequence.
Theorem 2.7. Let X be a Calabi-Yau threefold and let L be a nef divisor
on X. Let (Ct)t∈T be a family of generically irreducible curves (in the Chow
scheme) with T an irreducible compact variety of dimension 2 such that
L · Ct = 0 for all t. Let Y =
⋃
t∈T Ct.
(i) If Y is a surface, then L · Y = 0.
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(ii) Suppose additionally that ν(X,L) = 2. If Y = X, then L is semi-
ample.
Proof. For (i), let η : Y˜ → Y be the normalisation. By Theorem 2.6 applied
to Y˜ , the divisor η∗(L|Y ) ≡ 0, hence L|Y ≡ 0, so that L · Y = 0.
For (ii), let φ : X 99K S be a nef reduction of L; in particular, dimφ(Ct) =
0 for each t such that Ct is not contained in the indeterminacy locus of φ.
Clearly dimS < 3. If dimS = 0, then L ≡ 0, hence L ∼Q 0. If dimS = 1,
then φ is holomorphic and by [Leh15, Theorem 1.3] we have L ∼Q φ
∗A,
where A is ample on S ≃ P1.
Finally, if dimS = 2, let q : C → T˜ be the normalised graph of the family
(Ct)t∈T with projection p : C → X. We may even assume T˜ to be smooth,
but C is only normal. Since dimS = 2 and φ is almost holomorphic, there is
a unique curve Ct through the general point x ∈ X. Hence p is birational.
Let π : Ĉ → C be a desingularisation; hence p◦π : Ĉ → X is a birational map
between projective manifolds. Consequently,
H1
(
Ĉ,OĈ
)
≃ H1(X,OX ) = 0.
Then the Leray spectral for π yields H1(C,OC) = 0. By [Leh15, Theorem
1.2], we then have p∗L ∼Q q
∗A, where A is a nef Cartier divisor on the
surface T˜ . Since ν(X,L) = 2, the divisor A is big, hence κ(X,L) = 2 and L
is semiample by Proposition 2.2. 
Proposition 2.8. Let X be a Calabi-Yau threefold and let L be a nef divisor
on X which is not semiample such that ν(X,L) = 2. Then the following are
equivalent.
(i) There exists a very ample divisor H on X such that L|D is ample
for a general D ∈ |H|.
(ii) For every irreducible surface S ⊆ X we have L · S 6≡ 0.
Proof. Clearly (i) implies (ii). Conversely, assume that for every very ample
divisor H on X, L|D is not ample for general D ∈ |H|. Since L
2 ·D 6= 0, by
the Nakai-Moishezon criterion there exists a curve C ⊆ D such that L ·C =
0. Varying D, we obtain an at least 2-dimensional family of (generically)
irreducible curves (Ct)t∈T such that L · Ct = 0 for all t. If the family (Ct)
covers X, then L is semiample by Theorem 2.7(ii), a contradiction. If the
family (Ct) covers a surface S, then L · S = 0 by Theorem 2.7(i). 
2.3. Positivity of locally free sheaves. Recall that a locally free sheaf
E on a variety X is nef, respectively big, if the line bundle OP(E)(1) is nef,
respectively big. We first gather several properties of nef sheaves that we
use in the paper.
Lemma 2.9. Let X be a projective manifold.
(a) If E is a nef locally free sheaf on X, then every locally free quotient
sheaf of E is nef.
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(b) Let 0→ E → F → G → 0 be an exact sequence of locally free sheaves.
If E and G are nef, then F is nef.
(c) Assume that X is a curve. A locally free sheaf E on X is nef if
and only if all locally free quotients have non-negative degree, and
is ample if and only if all locally free quotients have positive degree.
A semistable locally free sheaf E on X is nef if and only if it has
a non-negative degree, and is ample if and only if it has a positive
degree.
(d) Assume that X is a smooth curve, and let E → F → G → 0 be
an exact sequence, where E, F are locally free sheaves, and E and
G/torsion are nef. Then F is nef.
(e) Assume that X is a smooth curve and let E be a locally free sheaf on
X which is generically globally generated. Then E is nef.
(f) Assume that X is a (not necessarily smooth) curve, let E be a coher-
ent sheaf on X which is generically globally generated, and assume
there is a generically surjective morphism E → Q to a locally free
sheaf Q on X. Then Q is nef.
Proof. For (a), (b) and (c), see for instance [Laz04, Proposition 6.1.2, The-
orem 6.2.12, and the proof of Theorem 6.4.15].
For (d), by replacing E by the image of E in F , by (a) we may assume
that the exact sequence is also exact on the left. Let E ′ be the saturation of
E in F , so that we have the exact sequence
0→ E ′ → F → G/torsion → 0.
Since G/torsion is locally free, it suffices by (b) to show that E ′ is nef.
Assuming otherwise, by (c) there exists a locally free quotient E ′ → Q′ → 0
with degQ′ < 0, and it induces a quotient E → Q → 0 with Q ⊆ Q′. In
particular, degQ ≤ degQ′, a contradiction since E is nef.
To prove (e) consider the subsheaf E ′ ⊆ E generated by the global sections
of E . The quotient E/E ′ is torsion, and we conclude by (d).
Finally, for (f) let ν : X˜ → X be the normalisation. We first note that
the generically surjective morphism ν∗E → ν∗Q factors through the locally
free sheaf E ′ := ν∗E/torsion, and consider the induced generically surjective
morphism ϕ : E ′ → ν∗Q. Since E ′ is also generically globally generated, it is
nef by (e), hence ϕ(E ′) is a nef locally free sheaf by (a). Since ν∗Q/ϕ(E ′) is
torsion, it follows that ν∗Q is nef by (d). Therefore Q is nef. 
The following result, see [CP11, Theorem 0.1] and [CP15, Theorem 1.2],
will be crucial in the proof of our main theorem.
Theorem 2.10. Let X be a projective manifold, and let (Ω1X)
⊗m → Q be
a torsion free coherent quotient for some m ≥ 1. If KX is pseudoeffective,
then c1(Q) is pseudoeffective.
The following lemma is well known.
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Lemma 2.11. Let Y be a projective manifold, let M be a nef line bundle
on Y , and let E be a nef and big locally free sheaf on Y . Then
Hq(Y, ωY ⊗ E ⊗ det E ⊗M) = 0 for q ≥ 1.
Proof. Let π : P(E)→ Y be the projection morphism, and let r be the rank
of E . Note that
ωP(E) = π
∗(ωY ⊗ det E)⊗OP(E)(−r) and π∗OP(E)(1) = E ,
hence for every q ≥ 1,
Hq(Y, ωY ⊗ E ⊗ det E ⊗M) ≃ H
q
(
P(E), ωP(E) ⊗OP(E)(r + 1)⊗ π
∗M
)
= 0
by the Kawamata-Viehweg vanishing theorem. 
We often below use the following result [Fuj83, Theorem 6.2], see also
[Laz04, Theorem 1.4.40].
Theorem 2.12. Let X be a projective variety of dimension n and let D be
a nef divisor on X. Then for any coherent sheaf F on X and for every i we
have
hi
(
X,F ⊗OX(mD)
)
= O(mn−i).
2.4. The Cone conjecture. Let V be a real vector space equipped with a
rational structure, let C be a cone in V , and let Γ be a subgroup of GL(V )
which preserves C. A rational polyhedral cone Π ⊆ C is a fundamental
domain for the action of Γ on C if C =
⋃
g∈Γ gΠ and intΠ ∩ int gΠ = ∅ if
g 6= id.
The Cone conjecture (for the nef cone) deals with the action of the au-
tomorphism group of X on Nef(X), where X is a Q-factorial projective
klt variety with KX ≡ 0. According to the original version by Morrison
[Mor93], inspired by Mirror Symmetry, there exists a fundamental domain
of the action of Aut(X) on Nef(X)+, which is the convex hull of the cone
spanned by all rational divisors in Nef(X).
The version of the conjecture by Kawamata [Kaw97] postulates that there
exists a fundamental domain of the action of Aut(X) on Nef(X)e, which is
the cone spanned by all effective divisors in Nef(X). This version is more
natural from the point of view of birational geometry, especially since it
implies, in its most general form, that the number of minimal models of
terminal varieties is finite [CL14, Theorem 2.14].
On the other hand, we have the following consequence of [Loo14, Theorem
4.1, Application 4.14], which is a result which belongs completely to the
realm of convex geometry.
Lemma 2.13. Let X be a Q-factorial projective klt variety with KX ≡ 0.
Assume that there exists a polyhedral cone Π ⊆ Nef(X)+ such that Aut(X)·Π
contains the ample cone of X. Then Aut(X) · Π = Nef(X)+, and there
exists a rational polyhedral fundamental domain for the action of Aut(X)
on Nef(X)+.
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In particular, if we assume that Kawamata’s version of the Cone conjec-
ture holds, then necessarily Conjecture 1.4 holds. In Theorem 2.15 we show
that at least one part of Conjecture 1.4 is true, that
Nef(X)e ⊆ Nef(X)+.
We need the following result of Shokurov and Birkar, [Bir11, Proposition
3.2]; note that it is a careful application of the boundedness of extremal
rays, which is a consequence of Mori’s bend-and-break.
Theorem 2.14. Let X be a Q-factorial projective variety, let D1, . . . ,Dr be
prime divisors on X and denote V =
⊕r
i=1 RDi ⊆ DivR(X). Then the set
N (V ) = {∆ ∈ V | (X,∆) is log canonical and KX +∆ is nef }
is a rational polytope.
Theorem 2.15. Let X be a Q-factorial projective klt variety with KX ≡ 0.
Then
Nef(X)e ⊆ Nef(X)+.
Proof. Let D be an R-divisor whose class is in Nef(X)e, and let V ⊆
DivR(X) be the vector space spanned by all the components D1, . . . ,Dr
of D. Replacing D by εD for 0 < ε ≪ 1, we may assume that (X,D) is a
klt pair, and in particular, with notation from Theorem 2.14, D ∈ N (V ).
On the other hand, clearly D ∈
∑r
i=1 R+Di ⊆ V . By Theorem 2.14, the set
N (V ) ∩
r∑
i=1
R+Di
is a rational polytope, hence D is spanned by nef Q-divisors. 
3. Differentials with coefficients in a line bundle
In this section, we prove several properties of nef line bundles on a Calabi-
Yau threefold. For future applications in Part II to this paper, we mostly
do not restrict ourselves to varieties with Picard number 2 or line bundles
with numerical dimension 2.
Lemma 3.1. Let X be a smooth projective surface and let L and M be
divisors on X such that L2 = M2 = L · M = 0. If L and M are not
numerically trivial, then L and M are numerically proportional.
Proof. Let H be an ample divisor on X. By the Hodge index theorem we
have λ = L · H 6= 0 and µ = M · H 6= 0, and set D = λM − µL. Then
D2 = D ·H = 0, hence D ≡ 0 again by the Hodge index theorem. 
Lemma 3.2. Let X be a smooth projective threefold with H1(X,OX ) = 0
and let L be a nef divisor on X with ν(X,L) = 1. Assume that κ(X,L) =
−∞ and let D be a non-zero effective divisor on X. Then the divisor L−D
is not pseudoeffective.
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Proof. Denote G = L − D, and assume that G is pseudoeffective. Denote
P = Pσ(G) and N = Nσ(G), see [Nak04, Chapter III]. By [Nak04, Remark
III.2.8 and paragraph after Corollary V.1.5] there is a set Z ⊆ X which is a
countable union of subvarieties of codimension at least 2, such that P |C is
nef for any curve C 6⊆ Z. Therefore, if H be a general very ample divisor
on X, then Z ∩H is a countable set, hence P |H is nef. In particular,
(9) (P |H)
2 ≥ 0.
On the other hand, we have
0 = (L|H)
2 = L|H · P |H + L|H ·N |H + L|H ·D|H ,
hence
L|H · P |H = L|H ·N |H = L|H ·D|H = 0.
Now the Hodge index theorem implies (P |H)
2 ≤ 0, and hence (P |H)
2 = 0
by (9). Then Lemma 3.1 yields P |H ≡ λL|H for some real number λ ≥ 0,
and hence P ≡ λL by the Lefschetz hyperplane section theorem. Note that
λ < 1 since D is non-zero. Therefore, setting E = 11−λ(N +D), we obtain
L ≡ E,
and the Weil R-divisor E is effective. Let E1, . . . , Er be components of E and
let π : DivR(X)→ N
1(X)R be the standard projection. Then π
−1
(
π(L)
)
∩∑
R+Ei is a rational affine polygon of
∑
REi which contains E, hence there
exists a rational point
E′ ∈ π−1
(
π(L)
)
∩
∑
R+Ei.
Therefore L ≡ E′, and consequently L ∼Q E
′, which is a contradiction with
κ(X,L) = −∞. 
Remark 3.3. The assertion of Lemma 3.2 is obviously also true when
ν(X,L) = 2, provided that ρ(X) = 2.
The following result has been claimed in [Wil94, 3.1] when ν(X,L) = 2.
Proposition 3.4. Let X be a Calabi-Yau threefold and let L be a nef divisor
on X such that κ(X,L) = −∞. Then there is a positive integer m0 such
that
H0
(
X,ΩqX ⊗OX(mL)
)
= 0 for all |m| ≥ m0 and all q.
Proof. The result is proved in full generality within a broader context in
[LP18, Theorem 8.1]; here we give a proof which works when ν(X,L) = 1 or
when ν(X,L) = 2 and ρ(X) = 2. The method was already used in [HPR13,
Theorem 5.1]. Notice also that for m≪ 0, the claim is clear: since L is nef
but not numerically trivial, we have −L · C < 0 for all general curves cut
out by hyperplane sections.
Assume to the contrary that there exists q such that
H0
(
X,ΩqX ⊗OX(mL)
)
6= 0
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for infinitely many m. Every nontrivial section of H0
(
X,ΩqX ⊗ OX(mL)
)
gives an inclusion OX(−mL) → Ω
q
X , and consider the smallest subsheaf
F ⊆ ΩqX containing the images of all these inclusions. Let r be the generic
rank of F . Then, without loss of generality, we may find infinitely many
r-tuples (m1, . . . ,mr) such that the image of the map
OX(−m1L)⊕ · · · ⊕ OX(−mrL)→ F
has rank r. Taking determinants, we obtain infinitely many inclusions
OX(−m
′L) → detF . Let F be a Cartier divisor such that OX(−F ) is
the saturation of detF in
∧r ΩqX . Therefore
(10) H0
(
X,OX (−F )⊗OX(m
′L)
)
6= 0 for infinitely many m′.
Consider the exact sequence
0→ OX(−F )→
r∧
ΩqX → Q→ 0.
Since OX(−F ) is saturated, it follows that Q is torsion free, and hence c1(Q)
is pseudoeffective by Theorem 2.10. As ωX ≃ OX , we deduce from the exact
sequence above that F = c1(Q), hence the divisor F is pseudoeffective.
From (10), for every such m′ we obtain an effective divisor Nm′ such that
Nm′ + F ∼ m
′L.
Now Lemma 3.2 and Remark 3.3 yield Nm′ = 0 for all m
′, hence some
multiple of L is linearly equivalent to 0, a contradiction with κ(X,L) =
−∞. 
Corollary 3.5. Let X be a Calabi-Yau threefold, and let L be a nef Cartier
divisor with ν(X,L) = 2 which is not semiample. Then there exists a positive
integer k such that
hj
(
X,ΩqX ⊗OX(kmL)
)
= O(m) for all q and j.
Proof. By Proposition 2.2 and by Serre duality, for all m we have
χ
(
X,OX (mL)
)
= 0,
χ
(
X,Ω1X ⊗OX(mL)
)
= −
1
2
c3(X),
χ
(
X,Ω2X ⊗OX(mL)
)
=
1
2
c3(X).
By Proposition 3.4 and by Serre duality,
hj
(
X,ΩqX ⊗OX(mL)
)
= 0 for m≫ 0, j ∈ {0, 3}, and all q.
Since
h2
(
X,ΩqX ⊗OX(mL)
)
= O(m)
by Theorem 2.12, we obtain h1
(
X,ΩqX ⊗OX(mL)
)
= O(m). 
The following lemma should be well-known.
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Lemma 3.6. Let X be a projective manifold and let L be a pseudoeffective
Cartier divisor on X. Let h be a singular hermitian metric on OX(L) with
semipositive curvature current and multiplier ideal sheaf I(h). Let D be
an effective Cartier divisor such that I(h) ⊆ OX(−D). Then L − D is
pseudoeffective.
Proof. By [DEL00, Theorem 1.10] there exists an ample line bundle G on X
such that OX(G+mL)⊗I(h
⊗m) is globally generated for all m ≥ 1. Since
I(h⊗m) ⊆ I(h)m ⊆ OX(−mD),
where the first inclusion follows from [DEL00, Theorem 2.6], for all m ≥ 1
we have
H0
(
X,G +m(L−D)
)
6= 0.
Hence L−D = lim
m→∞
1
m
(
m(L−D) +G
)
is pseudoeffective. 
Corollary 3.7. Let X be a Calabi-Yau threefold and let L be a nef Cartier
divisor on X with κ(X,L) = −∞. Then there exists a positive integer m0
such that
Hq(X,mL) = 0 for all q and m ≥ m0.
Proof. If ν(X,L) = 2, then Hq(X,mL) = 0 for q ≥ 2 and all m ≥ 1 by the
Kawamata-Viehweg vanishing [Kaw82, Corollary]. Since χ(X,mL) = 0 for
all m by Proposition 2.2(iii), and since H0(X,mL) = 0 by assumption, we
also have H1(X,mL) = 0 for m ≥ 1.
So we may assume that ν(X,L) = 1. Let h be a singular metric on OX(L)
with semipositive curvature current. Let I(h⊗m) be the multiplier ideal of
the associated metric h⊗m on OX(mL) and denote by Vm ⊆ X the subspace
defined by I(h⊗m).
The subspace Vm cannot contain an effective divisor D: otherwise, by
Lemma 3.6, mL − D would be pseudoeffective, which would contradict
Lemma 3.2. Thus dimVm ≤ 1. The Hard Lefschetz theorem [DPS01, The-
orem 0.1] gives the surjection
H0
(
X,Ω1X ⊗OX(mL)⊗ I(h
⊗m)
)
→ H2
(
X,OX(mL)⊗ I(h
⊗m)
)
hence H2
(
X,OX(mL) ⊗ I(h
⊗m)
)
= 0 by Proposition 3.4. From the long
cohomology sequence associated to the exact sequence
0→ OX(mL)⊗ I(h
⊗m)→ OX(mL)→ OVm(mL)→ 0
we obtain
H2(X,mL) = 0 for m ≥ m0.
Since H3(X,mL) = 0 for m ≥ 1 by Serre duality, we conclude as above. 
In this context, we note the following:
Theorem 3.8. Let X be a Calabi-Yau threefold and let L be a nef divisor
on X with ν(X,L) = 1. Assume that there is a singular metric h on OX(L)
with semipositive curvature current such that the multiplier ideal sheaf I(h)
is different from OX . Then L is semiample.
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Proof. Let V ⊆ X be the subspace defined by I(h), and let x be a closed
point in V with ideal sheaf Ix in X. Let π : X̂ → X be the blowup of X
at x and let E = π−1(x) be the exceptional divisor. Let ĥ be the induced
metric on π∗OX(L). By [Dem01, Proposition 14.3], we have
I(ĥ) ⊆ π−1I(h) · OX̂ ⊆ π
−1Ix · OX̂ = OX̂(−E).
By Lemma 3.6, the divisor π∗L − E is pseudoeffective, hence π∗L is semi-
ample by Lemma 3.2. 
4. Log differentials
The following result is crucial in the proof of Theorem 1.3.
Lemma 4.1. Let X be a projective manifold and let C ⊆ X be an irreducible
curve on X such that KX · C ≥ 0. Let L be an ample line bundle on X.
Then there exists a positive integer m0 such that for all m ≥ m0 and for a
general element D ∈ |L⊗m|, the sheaf Ω1X(logD)|C is nef.
Proof. Let ν : C˜ → C be the normalisation. If Ω1X |C is nef, the assertion
follows from the residue sequence and from Lemma 2.9(d). So we may
assume that Ω1X |C is not nef, or equivalently, that ν
∗(Ω1X |C) is not nef. Since
deg ν∗(Ω1X |C) ≥ 0 by assumption, the bundle ν
∗(Ω1X |C) is not semistable by
Lemma 2.9(c), and let F be its maximal destabilising subsheaf. Then F has
positive slope, hence is ample by Lemma 2.9(c).
We obtain an exact sequence
0→ F → ν∗(Ω1X |C)→ G → 0,
where G is a locally free sheaf on C˜. Choose a positive integer N and a
very ample line bundle A on C˜ with degA = N , such that G ⊗A is globally
generated. Then it follows that G ⊗A′ is nef for all ample divisors A′ on C
of degree ≥ N .
Fix smooth points x1, . . . xN ∈ C and let I be the corresponding ideal
sheaf; since ν is an isomorphism around xj, we consider xj also as points on
C˜. We may choose finitely many (analytically) open sets U1, . . . , Um in X
such that:
(a) Ui are pairwise disjoint,
(b) we fix trivialisations L|Ui ≃ OUi ,
(c) xj ∈
⋃m
i=1 Ui for every j = 1, . . . , N ,
(d) the complement of
⋃m
i=1 Ui in X has measure 0,
(e) the complement of C ∩
⋃m
i=1 Ui in C is finite and contains all the
singular points of C.
Indeed, since X is compact, there are finitely many (analytically) open sub-
sets V1, . . . , Vm which coverX. We may assume that for each j = 1, . . . , N we
have xj /∈
⋃m
i=1(Vi\Vi), where Vi is the closure of Vi in the analytic topology.
We may also assume that C∩
⋃m
i=1(Vi\Vi) is finite. Let C
sing be the singular
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set of C. Then we set U1 := V1 \ C
sing, and Ui+1 := Vi \
(⋃i−1
j=1 Vj ∪ C
sing
)
for i = 1, . . . ,m− 1.
Thus, by (a) and (b) we may speak of the derivative ds(x) of a section s
of L at any point of
⋃m
i=1 Ui. For j = 1, . . . , N , fix
vj ∈ ν
∗(Ω1X |C)⊗ C(xj) \ F ⊗ C(xj),
which we also view as elements of Ω1X |C ⊗ C(xj). Choose a positive integer
m0 ≥ N such that L
⊗m0 is very ample and such that
H1(X,I2 ⊗ L⊗m) = 0 for all m ≥ m0.
Fix m ≥ m0. Then this vanishing implies that the restriction map
H0(X,L⊗m)→ H0(X,L⊗m ⊗OX/I
2)
is surjective, and hence there exists a section s ∈ H0(X,L⊗m) such that
(11) s(xj) = 0 and ds(xj) = vj for every j.
Now, let
M ⊆ H0(X,L⊗m)
be the subspace of all sections s ∈ H0(X,L⊗m), for which there exists points
y1, . . . , yN ∈ C˜ ∩ ν
−1
(⋃m
i=1 Ui
)
such that for all j we have
s(yj) = 0 and ds(yj) 6∈ F ⊗C(yj).
Then M 6= ∅ by (11) and by (c), and the set M is clearly open. Therefore,
by Bertini and by (e), there exists a smooth element D ∈ |L⊗m|, meeting C
transversally at points z1, . . . , zℓ (with ℓ ≥ N) in the locus C ∩
⋃m
i=1 Ui, and
such thatD is inM . By relabelling, we may assume that A = {z1, . . . , zN} ⊆
C is the set of points such that
(12) dϕ(zi) 6∈ F ⊗ C(zi),
where ϕ is the local equation of D (in the given local trivialisation of L).
We claim that the sheaf F is saturated in ν∗(Ω1X(logD)|C) at the points
of A. Granting the claim for the moment, let us see how it implies the
lemma. We obtain the exact sequence
0→ F → ν∗(Ω1X(logD)|C)→ G
′ → 0,
with
G′/torsion ≃ G ⊗O
C˜
(∑
zi∈A′
zi
)
,
where A′ ⊆ C˜ is a set containing A. By our choice of N , the vector bundle
G ⊗O
C˜
(∑
zi∈A′
zi
)
is nef. Since F is ample, the bundle ν∗(Ω1X(logD)|C) is
nef by Lemma 2.9(d).
Finally, we prove the claim. It is enough to show that for any zi ∈ A, the
linear map
F ⊗ C(zi)→ ν
∗(Ω1X(logD)|C)⊗ C(zi)
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has rank rkF . Consider the diagram:
F ⊗ C(zi) //
))❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
ν∗(Ω1X |C)⊗ C(zi)
α

ν∗(Ω1X(logD)|C)⊗ C(zi)
and note that kerα = C(zi)dϕ(zi). Therefore,
(
F ⊗ C(zi)
)
∩ kerα = 0 by
(12), and the claim follows. 
5. A semiampleness criterion
In this section we establish Theorem 1.2:
Theorem 5.1. Let X be a Calabi-Yau threefold with c3(X) 6= 0 and let L be
a nef divisor on X with ν(X,L) = 2. Let G be a smooth ample divisor on X.
Assume that there exists a very ample divisor H and a positive integer m1
such that for general D ∈ |H| (so that G+D has simple normal crossings)
the following holds:
(i) the locally free sheaf Ω1X
(
log(D+G)
)
⊗OX(mL) is nef for m ≥ m1,
(ii) the divisor L|D+G is ample.
Then L is semiample.
We note here that if for each curve C in X the sheaf Ω1X(logD) ⊗
OX(mL)|C is nef or the sheaf Ω
1
X(logG)⊗OX(mL)|C is nef, then (i) holds;
see Step 3 of the proof of Proposition 6.7.
Most of this section is devoted to the proof of Theorem 5.1. In order
to prove Theorem 5.1, we argue by contradiction and assume that L is not
semiample, hence that κ(X,L) = −∞.
A version of the following proposition was asserted in [Wil94, Theorem
2.3], but we could not follow the first lines of the proof.
Proposition 5.2. Let X be a Calabi-Yau threefold and let L be a nef divisor
on X which is not semiample. Let G be a smooth ample divisor and X.
Assume that there exists a very ample divisor H and a positive integer m1
such that for general D ∈ |H| (so that G+D has simple normal crossings)
the following holds:
(i) the locally free sheaf Ω1X
(
log(D+G)
)
⊗OX(mL) is nef for m ≥ m1,
(ii) the divisor L|D+G is ample.
Then
H2
(
X,Ω1X ⊗OX(mL)
)
= 0 for m≫ 0.
Proof. Step 1. By our assumption, there exists a non-empty Zariski open
set B ⊆ |H| and a positive number m1 such that
(13) Em = Ω
1
X
(
log(D +G)
)
⊗OX(mL) is nef
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for all m ≥ m1 and for all D ∈ B. Possibly further shrinking B, we may
furthermore assume that
(14) L|D+G is ample for every D ∈ B.
We fix D ∈ B and claim that
(15) H2
(
X,Ω1X(log(D +G)) ⊗OX(µL)
)
= 0 for µ≫ 0.
The claim immediately implies the proposition: indeed, tensoring the residue
sequence (2) with OX(µL) and taking cohomology gives the exact sequence
H1
(
D,OD(µL)
)
⊕H1(G,OG(µL)
)
→ H2
(
X,Ω1X ⊗OX(µL)
)
→ H2
(
X,Ω1X(log(D +G)) ⊗OX(µL)
)
,
hence it suffices to show
(16) H1
(
D,OD(µL)
)
= H1
(
G,OG(µL)
)
= 0.
But L|D and L|G are ample by (14), hence (16) follows by Serre vanishing
as soon as µ is sufficiently large.
Step 2. It remains to prove (15). Tensoring the standard exact sequence
associated to D +G with Ω1X
(
log(D +G)
)
⊗OX(µL+D +G) and taking
cohomology, we get the exact sequence
H1
(
D +G,Ω1X(log(D +G))⊗OD+G(µL+D +G)
)
→ H2
(
X,Ω1X(log(D +G)) ⊗OX(µL)
)
→ H2
(
X,Ω1X(log(D +G)) ⊗OX(µL+D +G)
)
.
Hence, it suffices to show that for µ≫ 0 we have
(17) H1
(
D +G,Ω1X(log(D +G))⊗OD+G(µL+D +G)
)
= 0
and
(18) H2
(
X,Ω1X(log(D +G)) ⊗OX(µL+D +G)
)
= 0.
The equation (17) follows from Serre vanishing. For (18), we may further
assume that m1 is so large, so that
(19) 10m2L2 · (D +G) + 5mL ·D ·G− (D +G) · c2(X)− c3(X) > 0.
Denote E = Ω1X
(
log(D+G)
)
⊗OX(m1L). By [Ful98, Chapter 3], by Propo-
sition 2.2(vi) and by (19), we have
c1
(
OP(E)(1)
)5
= s3(E) > 0,
and therefore, by (13) the line bundle OP(E)(1) is nef and big on P(E).
Noticing that det E = OX(D +G+ 3m1L), we have
Ω1X
(
log(D +G)
)
⊗OX(µL+D +G) = E ⊗ det E ⊗ OX
(
(µ− 4m1)L
)
,
and (18) follows by Lemma 2.11. This finishes the proof. 
NEF LINE BUNDLES ON CALABI-YAU THREEFOLDS, I 19
Proposition 5.3. Let X be a Calabi-Yau threefold and let L be a nef divisor
on X. Assume that there exists a smooth very ample divisor D such that
the divisor L|D is ample. Then
H1
(
X,Ω1X ⊗OX(−mL)
)
= H2
(
X,Ω2X ⊗OX(mL)
)
= 0 for m≫ 0.
Proof. Tensoring the residue sequence (4) associated to Ω1X(logD) with
OX(−mL), and taking cohomology, we obtain the exact sequence
H1
(
X,Ω1X(logD)⊗OX(−D −mL)
)
→ H1
(
X,Ω1X ⊗OX(−mL)
)
(20)
→ H1
(
D,Ω1D ⊗OD(−mL)
)
.
Now, since D +mL is ample, we have
H1
(
X,Ω1X(logD)⊗OX(−D −mL)
)
= 0
by [EV92, Corollary 6.4], and as L|D is ample by assumption, by Serre
duality and Serre vanishing we have
H1
(
D,Ω1D ⊗OD(−mL)
)
≃ H1
(
D,Ω1D ⊗OD(mL)
)
= 0 for m≫ 0.
Therefore, (20) gives H1
(
X,Ω1X ⊗ OX(−mL)
)
= 0, which together with
Serre duality proves our assertion. 
Proof of Theorem 5.1. Assume that L is not semiample, and in particular,
that κ(X,L) = −∞. By Proposition 3.4 and by Serre duality, there exists
a positive integer m0 such that for all integers m with |m| ≥ m0 we have
h0
(
X,Ω1X ⊗OX(mL)
)
= h3
(
X,Ω1X ⊗OX(mL)
)
= 0.
Therefore, by Propositions 2.2(iv) and 5.2, for m≫ 0 we have
−
1
2
c3(X) = χ
(
X,Ω1X ⊗OX(mL)
)
= −h1
(
X,Ω1X ⊗OX(mL)
)
≤ 0,
and by Propositions 2.2(iv) and 5.3, for m≫ 0 we have
−
1
2
c3(X) = χ
(
X,Ω1X ⊗OX(−mL)
)
= h2
(
X,Ω1X ⊗OX(−mL)
)
≥ 0.
In total, we obtain c3(X) = 0, contradicting our assumption. This finishes
the proof. 
6. Proof of the Main Theorem
In this section we prove Theorem 1.3:
Theorem 6.1. Let X be a Calabi-Yau threefold with ρ(X) = 2 and let L be
a nef Cartier divisor on X. Suppose that ν(X,L) = 2 and that c3(X) 6= 0.
Then L is semiample.
By Theorem 5.1 and Lemma 2.5(b), it suffices to verify the condition (i)
in Theorem 5.1.
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Notation 6.2. Let D be a smooth very ample divisor on X.
Denote by B a non-empty Zariski open affine subset of the linear system
P
(
H0(X,OX (D))
)
contained in the locus of smooth elements of that linear
system. Set X = X ×B, let π : X → B be the projection map and let L be
the pullback of L by the projection X → X. Let D ⊆ X be the universal
family of divisors parametrised by B. Note that D is a smooth divisor in X .
We consider the relative logarithmic cotangent sheaf
Ω1X/B(logD)
with log poles along D, which is a locally free sheaf of rank 3 on X . Denote
by
TX/B(− logD)
its dual. For every point b ∈ B, denote Xb = π
−1(b), Db = D ∩ Xb and
Lb = L|Xb . Note that Xb = X, Lb = L and
Ω1X/B(logD)|Xb = Ω
1
Xb
(logDb) and TX/B(− logD)|Xb = TXb(− logDb).
For each positive integer m, denote
Em = Ω
1
X/B(logD)⊗OX (mL) and Em,b = Em|Xb .
In the remainder of the section, we freely shrink B if necessary.
Lemma 6.3. Let X be a Calabi-Yau threefold with ρ(X) = 2 and let L
be a nef Cartier divisor on X with ν(X,L) = 2 which is not semiample.
Assuming Notation 6.2, the following holds:
(a) there exist a positive integer m0 and a positive constant C, such that
for every b ∈ B and for all m ≥ m0, we have
h0(Xb, Em,b) ≥ Cm
2,
(b) for a general point b ∈ B we have
h0(Xb, Em,b) =
1
2
m2L2 ·D +O(m) and h1(Xb, Em,b) = O(m).
Proof. For (a), Proposition 2.2(v) gives
χ(Xb, Em,b) =
1
2
m2L2 ·D +O(m),
where O(m) does not depend on b. Fix b0 ∈ B, and for each positive integer
m, let
Um =
{
b ∈ B | h2(Xb, Em,b) ≤ h
2(Xb0 , Em,b0)
}
.
These sets are Zariski open in B by upper-semicontinuity; denote
U =
⋂
m≥1
Um.
Since
h2(Xb0,Em,b0) = O(m)
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by Theorem 2.12, there exists a constant C1 > 0 such that
h2(Xb, Em,b) ≤ C1m for all m and for all b ∈ U.
Therefore, there is a constant C > 0 and a positive integer m0 such that for
all m ≥ m0 and all b ∈ U we have
h0(Xb, Em,b) ≥
1
2
m2L2 ·D +O(m)− C1m ≥ Cm
2.
We conclude by upper-semicontinuity, since U is dense in B.
For (b), we have h0
(
Xb,Ω
1
Xb
⊗ OXb(mLb)
)
= 0 by Proposition 3.4 and
h1
(
Xb,Ω
1
Xb
⊗ OXb(mLb)
)
= O(m) by Corollary 3.5. Tensoring the residue
sequence (3) associated to Db by OXb(mLb) and taking the long cohomology
sequence, since Lb|Db is ample by Lemma 2.5(b), Serre vanishing gives the
exact sequence
0→ H0(Xb, Em,b)→ H
0
(
Db,ODb(mLb)
)
→ H1
(
Xb,Ω
1
Xb
⊗OXb(mLb)
)
→ H1(Xb, Em,b)→ 0.
This immediately implies h1(Xb, Em,b) = O(m) and
h0(Xb, Em,b) = h
0
(
Db,ODb(mL)
)
+O(m).
Riemann-Roch and Serre vanishing give
h0
(
Db,ODb(mLb)
)
= χ
(
Db,ODb(mLb)
)
=
1
2
m2(Lb|Db)
2 +O(m),
and (b) follows from the last two equations. 
Proposition 6.4. Let X be a Calabi-Yau threefold with ρ(X) = 2 and let
L be a nef Cartier divisor on X with ν(X,L) = 2 which is not semiample.
Let A be the set of all ample prime divisors on X, and let A ∈ A be an
element such that A ·c2(X) is minimal. If M is an integral divisor such that
M ∼Q aA+ bL with a > 0, then a ≥ 1.
Proof. Assume 0 < a < 1. Setting
M0 :=M − ⌊b⌋L,
it suffices to prove the claim for M0. Hence, replacing M by M0, we may
assume from the beginning that 0 ≤ b < 1. Then M is ample as A is ample
and L is nef. By (6), we have
χ(X,M) =
1
6
M3 +
1
12
M · c2(X).
Since M is ample, by Proposition 2.1 we have χ(X,M) > 0, and hence
h0(X,M) > 0 by Kodaira vanishing. Pick E ∈ |M |. Since L · c2(X) = 0 by
Proposition 2.2(ii), we have
E · c2(X) = (aA+ bL) · c2(X) < A · c2(X),
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hence E /∈ A by the choice of A. Write E =
∑
aiEi, where ai are positive
integers and Ei are prime divisors. By Lemma 2.3 we have Ei · c2(X) > 0
for all i, hence
Ei · c2(X) ≤ E · c2(X) < A · c2(X).
However, since ρ(X) = 2 and since L lies on the boundary of the pseudoef-
fective cone, at least one Ei0 must be ample. This contradicts the choice of
A. 
Lemma 6.5. Let X be a Calabi-Yau threefold with ρ(X) = 2 and let L be a
nef Cartier divisor on X with ν(X,L) = 2 which is not semiample. Assume
that
H0
(
X,ΩqX ⊗OX(kL)
)
= 0 for all q and all k.
Assume Notation 6.2, and assume additionally that
D ∼Q αA+ βL,
where A is as in Proposition 6.4 and α, β ∈ Q>0. Let S ∼ aD + bL be an
effective divisor on X such that
OX(S) ⊆ Ω
r
X(logD)⊗OX(mL)
for some r and m. Then:
(i) α ≥ 1 and 0 ≤ a ≤ 1− 1α , and a > 0 if b 6= 0,
(ii) the divisor (1− a)D + (m− b)L is pseudoeffective.
Proof. Notice that a ≥ 0, since S is effective and L lies on the boundary of
the pseudoeffective cone. If b 6= 0, then additionally a 6= 0 since L is not
effective. The inclusion
OX(S) ⊆ Ω
r
X(logD)⊗OX(mL)
implies that
H0
(
X,ΩrX(logD)(−D)⊗OX((1 − a)D + (m− b)L)
)
6= 0,
so that, via the inclusion ΩrX(logD)(−D) ⊆ Ω
r
X ,
(21) H0
(
X,ΩrX ⊗OX((1 − a)D + (m− b)L)
)
6= 0.
Hence we obtain an inclusion
OX
(
(a− 1)D + (b−m)L
)
→ ΩrX .
Since X is a Calabi-Yau threefold, the divisor
(1− a)D + (m− b)L ∼Q (1− a)αA +
(
m− b− (a− 1)β
)
L
is pseudoeffective by Theorem 2.10. Thus,
(22) (1− a)α ≥ 0,
and hence a ≤ 1. If a = 1, then (21) implies
H0
(
X,ΩrX ⊗OX((m− b)L)
)
6= 0,
which contradicts our assumption. Then from (22) and from Proposition
6.4 we have α ≥ 1 and (1− a)α ≥ 1, and the lemma follows. 
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Proposition 6.6. Let X be a Calabi-Yau threefold with ρ(X) = 2 and let
L be a nef Cartier divisor on X with ν(X,L) = 2 which is not semiample.
Assume Notation 6.2, and assume additionally that
D ∼Q αA+ βL,
where A is as in Proposition 6.4 and α, β ∈ Q>0.
Then, possibly after shrinking B, there exists a positive number n1 and
an algebraic set V ( X such that for all irreducible curves C 6⊆ V which are
contracted by π, the restricted bundle En1 |C is nef.
Proof. We note first that by Proposition 3.4, by passing to a multiple of L
we may assume that
(23) H0
(
X,ΩqX ⊗OX(kL)
)
= 0 for all q and all k.
We prove the proposition in several steps.
Step 1. For each m, let Um ⊆ B be the locus of points where the sheaf
π∗Em is locally free and has the base change property, and denote
U =
⋂
m≥1
Um.
Fix b0 ∈ U . By Lemma 6.3(a), there exist a positive constant C and a
positive integer n1 such that
(24) h0(Xb0 , Em,b0) ≥ Cm
2 ≥ 2 for m ≥ n1.
Since B is affine, by the definition of U the map
H0(X , Em)→ H
0(Xb0 , Em,b0)
is surjective for all m, cf. [Har77, III.12]. In particular,
rk Im(π∗π∗(Em)→ Em) ≥ 1 for m≫ 0.
Let Sm be the saturation of Im(π
∗π∗(Em) → Em) in Em, and let Sm,b be
the saturation, in Em,b, of the sheaf generated by the global sections of Em,b.
Then
Sm,b = (Sm|Xb)
∗∗,
and in particular, for every b ∈ B we have Sm|Xb = Sm,b generically. Let
rm = rkSm = rkSm,b.
By possibly replacing b0, we may assume that
(25) Sm|Xb0 = Sm,b0 for all m,
see for instance [GKP16, Proposition 5.2]. The sheaf detSm,b0 is a line
bundle by [Har80, Proposition 1.9]. Since Sm,b0 is generically generated by
its definition and by (24), so is its determinant. In other words, detSm,b0 is
effective, say detSm,b0 ≃ OXm,b0 (M) with an effective divisor M. Write
(26) M ∼Q amDb0 + bmLb0
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with rational numbers am and bm. Since
detSm,b0 ⊆ Ω
rm
Xb0
(logDb0)⊗OXb0 (rmmLb0)
and (23) holds, Lemma 6.5 gives α ≥ 1, and also that
(27) 0 ≤ am ≤ 1−
1
α
for all m,
and that
(28) the divisor (1− am)Db0 + (rmm− bm)Lb0 is pseudoeffective.
Step 2. Suppose rm = 3 for some m, and we set
V = SuppCoker(π∗π∗Em → Em).
Then for every curve C 6⊆ V contracted by π, the restriction Em|C is gener-
ically generated, hence nef by Lemma 2.9(e).
Step 3. Hence we may assume that rm ≤ 2 for all m. In this step we
assume that rm = 1 for infinitely many m, and in particular, detSm,b0 =
Sm,b0 .
By (6) and (26), together with Proposition 2.2(ii) we have
(29) χ(Xb0 ,Sm,b0) =
1
2
amb
2
mL
2·D+
1
2
a2mbmL·D
2+
1
6
a3mD
3+
1
12
amD·c2(X).
If bm < 0 for infinitely manym, then these bm are bounded from below, since
am are bounded from above and the divisors amDb0 + bmL are pseudoeffec-
tive. But then all Sm,b0 lie in a compact subset of Pic(X), hence take only
finitely many values, which contradicts the fact that h0(Xb0 ,Sm,b0) grows
quadratically with m by (24).
Therefore,
(30) bm ≥ 0 for m≫ 0,
and a similar argument shows that, by (28), there exists a positive constant
c such that
(31) bm −m < c for all m.
From (31), (24) and by Lemma 6.5 we have am > 0, which implies that
Sm,b0 is ample for m ≫ 0. Hence, by (29), by Kodaira vanishing, and by
Lemma 6.3(b) we have
h0(Xb0 ,Sm,b0) =
1
2
m2L2 ·D +O(m)
=
1
2
amb
2
mL
2 ·D +
1
2
a2mbmL ·D
2 +
1
6
a3mD
3 +
1
12
amD · c2(X),
which is a contradiction by (27), (30) and (31).
Step 4. We are now reduced to the case rm = 2 for all large m.
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Let pX : X → X be the projection to X and recall that L = p
∗
XL. Con-
sider the subsheaves
Sm+1 ⊆ Em+1 and Sm ⊗OX (L) ⊆ Em ⊗OX (L) = Em+1.
Introduce the torsion free rank 1 sheaves Qm = Em/Sm and consider the
induced maps
αm : Sm+1 → Em ⊗OX (L)→ Qm ⊗OX (L)
and
βm : Sm ⊗OX (L)→ Em+1 → Qm+1.
Suppose first that βm is not the zero map for some m, and in particular,
βm is generically surjective since Qm+1 is of rank 1. We define
W = SuppCoker(π∗π∗Em → Em) ∪ SuppCoker(π
∗π∗Em+1 → Em+1).
Then for every curve C 6⊆ W, the sheaf Sm|C is generically globally gener-
ated. Since βm induces the generically surjective morphism
Sm|C →
(
Qm+1 ⊗OX (−L)
)
|C ,
the line bundle
(
Qm+1⊗OX (−L)
)
|C is nef by Lemma 2.9(f), hence Qm+1|C
is nef. If ν : C˜ → C is the normalisation, we have the exact sequence
ν∗(Sm+1|C)
γm+1
−−−→ ν∗(Em+1|C)→ ν
∗(Qm+1|C)→ 0,
and since γm+1
(
ν∗(Sm+1|C)
)
is nef by Lemma 2.9(a,e), the line bundle
ν∗(Em+1|C) is nef by Lemma 2.9(d). Therefore, Em+1 is π-nef outside of
W, confirming the claim of the proposition.
We note here for later use, that if Em is not π-nef outside of an algebraic
set for all m, then
(32) h0(X ,Qm) = 0 for all m.
Otherwise there would exist a nontrivial morphism OX → Qm, which would
imply as above that Qm and Em are π-nef outside of an algebraic set.
Thus we may assume that βm is the zero map for all large m, and thus
Sm ⊗OX (L) ⊆ Sm+1 for m≫ 0.
Therefore Sm⊗OX (L) and Sm+1 are generically equal, thus αm is generically
the zero map, which implies that αm is the zero map since the image of αm
is a torsion free coherent subsheaf of Qm ⊗OX (L). We conclude that there
exists m1 ≫ 0 such that
Sm+1 = Sm ⊗OX (L) for m ≥ m1,
and thus
Sm = Sm1 ⊗OX
(
(m−m1)L
)
.
Restricting this last equation to Xb0 , by (25) we have
Sm,b0 = Sm1,b0 ⊗OXb0
(
(m−m1)Lb0
)
.
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We claim that
(33) h0
(
Xb0 ,Sm1,b0 ⊗OXb0 (mLb0)
)
=
1
2
m2L2 · c1(Sm1,b0) +O(m).
This immediately implies the proposition: indeed, by (27) we have that
c1(Sm1,b0) = am1Db0 + bm1Lb0 , where am1 is bounded away from 1, hence
h0
(
Xb0 ,Sm1,b0 ⊗OXb0 (mLb0)
)
=
1
2
am1m
2L2 ·D +O(m).
Since h0(Xb0 , Em1+m,b0) = h
0
(
X,Sm1,b0 ⊗OXb0 (mLb0)
)
, this is a contradic-
tion by Lemma 6.3(b).
It remains to prove (33). First note that the Chern classes c1
(
Sm1,b0 ⊗
OX(mLb0)
)
and c2
(
Sm1,b0 ⊗OX(mLb0)
)
are computed as in the locally free
case, since Sm1,b0 is locally free outside a finite set by [Har80, Corollary 1.4],
whereas
c3
(
Sm1,b0 ⊗OX(mLb0)
)
= c3(Sm1,b0),
cf. [Har80, p. 130]. Thus Riemann-Roch for coherent sheaves [OTT81] gives
(34) χ
(
Xb0 ,Sm1,b0 ⊗OXb0 (mLb0)
)
=
1
2
m2L2 · c1(Sm1,b0) +O(m).
Define sheaves Qm,b0 by the short exact sequences
(35) 0→ Sm,b0 → Em,b0 → Qm,b0 → 0,
and observe that Qm,b0 = Qm|Xb0 by (25). Since B is affine, (32) shows that
the rank of the sheaf π∗Qm is zero for every m, hence by possibly changing
b0, we have h
0(Xb0 ,Qm,b0) = 0 for every m. Then (35) and Lemma 6.3(b)
give
h1(Xb0 ,Sm,b0) ≤ h
1(Xb0 , Em,b0) = O(m),
and since h2(Xb0 ,Sm,b0) = h
3(Xb0 ,Sm,b0) = O(m) by Theorem 2.12, the
claim follows from (34). 
Proposition 6.7. Let X be a Calabi-Yau threefold with ρ(X) = 2 and let
L be a nef Cartier divisor on X with ν(X,L) = 2 which is not semiample.
Assume Notation 6.2, and assume additionally that
D ∼Q αA+ βL,
where A is as in Proposition 6.4 and α, β ∈ Q>0. Then there exists a
smooth ample divisor G on X such that, after shrinking B, such that the
divisor Db+G has simple normal crossings for every b ∈ B and there exists
a positive number m2 such that
Ω1Xb
(
log(Db +G)
)
⊗OXb(mLb) is nef
for all m ≥ m2 and for all b ∈ B.
Proof. Step 1. In this step, we show that after possibly shrinking B, there
exist a positive integer n2 and an algebraic set C ⊆ X of codimension ≥ 2,
such that Em|C is nef for every m ≥ n2 and for every curve C 6⊆ C which is
contracted by π.
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Indeed, by Proposition 6.6 we find a positive integer n1 and an algebraic
set V ⊆ X such that En1 |C is nef for all curves C 6⊆ V contracted by π. Let
V1, . . . ,Vk and W1, . . . ,Wl be the codimension 1, respectively codimension
2 irreducible components of V. Set πj = π|Vj . By possibly shrinking B, we
may assume that V does not contain any fibre of π, and that each πj is flat.
For each j, the line bundle L|Vj is clearly πj-nef. Moreover, it is also
πj-big: indeed, for each b ∈ B, the set Vj ∩Xb is a surface in Xb, and since
ν(X,L) = 2, we have (L|Vj∩Xb)
2 > 0 by Lemma 2.4. Therefore, by Kodaira’s
trick, there exist a πj-ample Q-divisor Aj and an effective Q-divisor Bj such
that
L|Vj ∼Q Aj + Bj.
For k sufficiently divisible, the sheaf En1 |Vj ⊗OVj (kAj) is πj-globally gener-
ated, and we conclude that for every curve C contracted by π which is not
contained in the locus
C =
⋃
SuppBj ∪
⋃
Wi,
the sheaf En1+k|C is nef. We set n2 = n1 + k.
Step 2. In the second step we show that there exist a positive integer
n3 and finitely many curves C1, . . . , Cs on X, such that Em|C is nef for all
m ≥ n3 and for all curves C /∈ {C1, . . . , Cs}.
In order to prove the claim, let C1, . . . , Cs be the irreducible components
of C. Fix j, and consider the normalisation νj : C
ν
j → Cj and the Stein
factorisation αj : C
ν
j → Bj of π|Cj ◦ νj.
Cνj
αj
❅
❅❅
❅❅
❅❅
❅
νj
// Cj
π|Cj
// B
Bj
??⑧⑧⑧⑧⑧⑧⑧⑧
After possibly shrinking B, we may assume that αj is a flat morphism.
Let Bjk be the connected components of Bj and let C
ν
jk = α
−1
j (Bjk) and
Cjk = νj(C
ν
jk). Then C
ν
jk is irreducible since αj has connected fibres and
therefore Cjk is an irreducible component of Cj , which maps onto B. Now,
for fixed k we have that
ν∗jL · α
−1
j (b) = L · (νj)∗
(
α−1j (b)
)
is constant for b ∈ Bjk.
So if this constant is positive, then L|Cjk is π|Cjk -ample. In particular, in-
creasing m2, we conclude that Em|Cjk is π|Cjk -nef.
Therefore, if Em|C is not nef, then C belongs to a family Cjk on which L
is numerically trivial. Since there are only countably many L-trivial curves
on X by Lemma 2.5(a), each family Cjk must be constant. This shows the
claim of Step 2.
Step 3. Now by Lemma 4.1 we may choose a smooth ample divisor G on
X such that Ω1Xb(logG)|Cj is nef for all j = 1, . . . , s. Let C be a curve on
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X. If C 6= Cj for all j, then tensoring the residue sequence (3) associated
to Db and Db +G by OXb(mLb) for m ≥ n3, we obtain the exact sequence
Ω1Xb(logDb)⊗OXb(mLb)|C
→ Ω1Xb(log(Db +G))⊗OXb(mLb)|C → OG(mLb)|C → 0,
which yields the nefness of Ω1Xb(log(Db + G)) ⊗ OXb(mLb)|C by Lemma
2.9(d). On the other hand, if C = Cj for some j, then tensoring the residue
sequence (3) associated to G and Db + G by OXb(mLb) for m ≥ n3, we
obtain the exact sequence
Ω1Xb(logG)|C ⊗OXb(mLb)
→ Ω1Xb(log(Db +G)) ⊗OXb(mLb)|C → ODb(mLb)|C → 0,
which yields the nefness of Ω1Xb(log(Db+G))⊗OXb (mLb)|C again by Lemma
2.9(d). This finishes the proof. 
Combining the results of Sections 5 and 6 together with Lemma 2.5(b)
we immediately obtain the following:
Corollary 6.8. Let X be a Calabi-Yau threefold with ρ(X) = 2 and let L
be a nef line bundle on X with ν(X,L) = 2 which is not semiample. Then
(i) c3(X) = 0,
(ii) there exists a positive integer k such that for all integers m we have
Hq
(
X,ΩpX ⊗OX(mkL)
)
= 0 for all p, q.
Remark 6.9. Let X be a Calabi-Yau threefold with ρ(X) = 2 and let L
be a nef line bundle on X with ν(X,L) = 2 which is not semiample. Let D
be any smooth divisor. Then from Corollary 6.8 and the standard residue
sequences associated to Ω1X(logD) and Ω
2
X(logD), we deduce that there is
a positive integer m0 such that for every integer m ≥ m0 the residue maps
H0
(
X,Ω1X(logD)⊗OX(mL)
)
→ H0
(
D,OD(mL)
)
and
H0
(
X,Ω2X(logD)⊗OX(mL)
)
→ H0
(
D,Ω1D ⊗OD(mL)
)
are isomorphisms. We expect that on a simply connected manifold this can
never happen.
7. Proof of Corollary 1.6
In this section we prove Corollary 1.6. We follow the arguments in
[Ogu93]. Choose a rational boundary ray R of Nef(X) and a Cartier di-
visor L such that R = R+L. If L
2 6= 0, then L is semiample by Theorem
1.3, and hence produces an elliptic fibration f : X → S. Then X contains a
rational curve by [Pet91, Ogu93]. If L2 = 0, then we claim that the second
ray R′ is also rational. Indeed, fix any divisor L′ such that R′ = R+L
′. If
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(L′)3 > 0, then the claim follows from [Wil89] or from the Cone theorem. If
(L′)3 = 0, fix an ample divisor H and consider the cubic polynomial
p(t) = (L+ tH)3 ∈ Z[t].
There is a unique real number t0 < 0 such that −(L + t0H) ∈ R
′. Thus
p(t0) = 0. Since p has integer coefficients and a double zero at 0, the number
t0 is rational and hence the ray R
′ is rational. Since t0 is a simple zero of p,
we have (L′)2 6= 0, and we conclude as above.
8. A semiampless criterion, II
In this section we generalise Theorem 5.1 to the case where there do exist
surfaces S such that L ·S = 0. In this case we have ρ(X) ≥ 3 by Lemma 2.5.
Since Theorem 5.1 is easier and since the relevant applications are restricted
to the case of Picard number ρ(X) = 2 so far, we decided for the benefit of
the reader to treat the more general case separately.
Remark 8.1. Let X be a Calabi-Yau threefold and let L be a nef divisor
on X with ν(X,L) = 2. Then there are only finitely many surfaces S with
L · S = 0. Indeed, it suffices to show that all such surfaces are linearly
independent in the finite-dimensional vector space N1(X)R. Let E1, . . . Er
be a finite collection of surfaces on X with L · Ei = 0 for all i, and assume
that
∑
eiEi ≡ 0 for some real numbers ei which are not all zero. We may
assume that ei ≥ 0 for i ≤ k, and ei < 0 otherwise. Denote
A :=
∑
i≤k
eiEi and B := −
∑
i>k
eiEi,
and note that A 6= 0 and B 6= 0. Let H be a hyperplane section such that
B ·H is an effective 1-cycle C not contained in SuppA. Since ν(X,L) = 2,
we have (A|H)
2 < 0 by the Hodge index theorem on H, and hence
A · C = A ·B ·H = A2 ·H < 0,
a contradiction.
8.1. Reduction to good Calabi-Yau models.
Definition 8.2. Let X be a Calabi-Yau threefold and let L be a nef divisor
on X with ν(X,L) = 2. A prime divisor S on X is orthogonal to L if
L · S = 0. Let S1, . . . , Sr be all the prime divisors on X orthogonal to L. If
there exist a birational morphism φ : X → Z and a Cartier divisor M on Z
such that:
(a) Z is a Q-factorial projective threefold with canonical singularities
and ωZ ≃ OZ ,
(b) φ contracts precisely the divisors Sj,
(c) L ∼ φ∗M ,
then we call φ a good Calabi-Yau model for L.
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The starting observation is that every Calabi-Yau threefold X together
with a nef divisor L can be modified to a good Calabi-Yau model:
Theorem 8.3. Let X be a Calabi-Yau threefold and let L be a nef divisor on
X with ν(X,L) = 2. Let S1, . . . , Sr be all the prime divisors on X orthogonal
to L. Then there is a diagram
X
π //❴❴❴ X˜
φ

X ′,
where π is an isomorphism in codimension 1, π∗L is a nef divisor, and φ is
a good Calabi-Yau model for π∗L.
Proof. This is [Wil94, Proposition 1.1], and here we include a different proof.
Denote S =
∑r
j=1 Sj. We first claim that Nσ(S) = S, where we use
the notation from [Nak04, Chapter III]. Indeed, assume otherwise. Then
Pσ(S) 6= 0, and if H is a general very ample irreducible surface on X, then
Pσ(S)|H is nef. On the other hand, we have L · Pσ(S) = 0, and the Hodge
index theorem implies Pσ(S)
2 ·H < 0, a contradiction.
Let ε be a small positive rational number such that the pair (X, εS) is
terminal. Consider a Minimal Model Program (MMP) for (X, εS). Since
Nσ(S) = S, this MMP contracts the whole S by [Dru11, The´ore`me 1.2].
We claim that this MMP is L-trivial, and in particular, L stays nef on
every step of this MMP. Indeed, as the analysis below shows, it suffices to
prove this on the first step of the process, say ϕ : X 99K Y . Assume ϕ is a
divisorial contraction and let C be a curve contracted by ϕ; the case of a flip
is analogous. Since C · S < 0, we must have C ⊆ SuppS, and in particular,
L · C = 0. Therefore, there exists a divisor LY on Y such that L ∼ ϕ
∗LY ,
hence LY · ϕ∗Sj = 0 for every j.
Let X ′ be the result of this MMP. An easy analysis of discrepancies shows
thatX ′ is canonical, and the only geometric valuations with discrepancy zero
correspond to S1, . . . , Sr. Let φ : X˜ → X
′ be a Q-factorial terminalisation
of X ′. Then the induced birational map π : X 99K X˜ can be written as
a composition of flops, and X˜ is smooth by [Kol89, Theorem 2.4]. This
finishes the proof of the theorem. 
Remark 8.4. Given a Calabi-Yau threefold X and a nef line bundle L
on X, the condition κ(X,L) ≥ 0 is clearly invariant under isomorphisms
in codimension one. Therefore, with notation from Theorem 8.3, we may
always pass from X to X˜ and therefore assume that φ is a morphism already
on X.
In analogy with locally free sheaves, we say that a torsion free sheaf E is nef
if the line bundle OP(E)(1) is nef; we refer to [Anc82] for details. Moreover, E
is big if for some resolution π : X˜ → X such that E˜ := π∗E/torsion is locally
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free, the line bundle O
P(E˜)
(1) is big. It is easy to see that this notion does
not depend on the choice of π.
The goal of this section is the following result.
Theorem 8.5. Let X be a Calabi-Yau threefold and let L be a nef divisor on
X with ν(X,L) = 2, such that there exists a birational morphism φ : X → Z
which is a good Calabi-Yau model for L. Let S1, . . . , Sr be all the prime
divisors on X orthogonal to L. Let gj be the irregularity of a resolution of
Sj. If
(i) there exists a general very ample divisor G on Z, a very ample divisor
H on Z and a positive integer m1 such that for general D ∈ |H| (so
that D +G has simple normal crossings on the smooth locus of Z),
the reflexive sheaf
Ω
[1]
Z
(
log(D +G)
)
⊗OZ(mφ∗L)
is nef for m ≥ m1,
(ii) the divisor (φ∗L)|D+G is ample, and
(iii) c3(X)2 6= r −
∑r
j=1 gj ,
then L is semiample.
Remark 8.6. We discuss some special cases of Theorem 8.5.
(a) When r = 0, we recover Theorem 1.2.
(b) If all surfaces Sj are rational, then the condition (2) becomes c3(X) 6=
2r.
8.2. Auxiliary results.
Lemma 8.7. Let E be a smooth projective surface and let π : E → B a
surjective morphism to a curve B with a general fibre isomorphic to P1. Let
D 6= 0 be a simple normal crossings divisor on E and let F be a general
fibre of π which meets D transversally.
(a) If D ∩ F 6= ∅, then Ω1E(logD)|F ⊗OF (1) is nef.
(b) If D ∩ F contains at least two points, then Ω1E(logD)|F is nef.
Proof. We have the exact sequence
0→ Ω1E|F → Ω
1
E(logD)|F → Q→ 0
where Q is a skyscraper sheaf supported on F ∩ D. Composing with the
canonical morphism N∗F/E → Ω
1
E |F , we obtain the exact sequence
0→ N∗F/E → Ω
1
E(logD)|F → Q
′ → 0,
where Q′ contains Ω1F as proper subsheaf. Write OF (a) := Q
′/torsion.
For (a), by Lemma 2.9(d) it suffices to show that OF (a) ⊗ OF (1) is
nef. If a ≤ −2, then we would obtain a (generically) surjective morphism
Ω1E(logD)|F → Ω
1
F . Dually, TF ⊆ TE(− logD)|F , and hence the canonical
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morphism TF → ND/E |F vanishes, which contradicts the assumption that
D and F meet transversally.
For (b), it suffices to show that Q′ is nef. Fix two distinct points p, q ∈
D ∩ F . If a = −1, then by the same argument as above, we obtain an
injective morphism
TF ⊗OF (−p)→ TE(− logD)|F ,
so that the induced morphism TF ⊗OF (−p)→ ND/E|F vanishes at q, con-
tradicting the assumption that D and F meet transversally at q. 
In the same way we prove the following:
Lemma 8.8. Let D 6= 0 be a simple normal crossings divisor on P2 and let
ℓ ⊆ P2 be a line meeting D transversally. Then Ω1
P2
(logD)|ℓ ⊗Oℓ(1) is nef.
The following lemma is certainly well-known; we include a short proof,
lacking a suitable reference.
Lemma 8.9. Let S be a normal quasi-projective surface with only ratio-
nal double points as singularities. Let π : Ŝ → S be a resolution with the
exceptional divisor F =
∑N
j=1 Fj . Then R
1π∗Ω
1
Ŝ
(log F ) = 0.
Proof. The problem being local, we may assume that S is a Stein space with
one singularity s. Moreover, we may assume that F is a deformation retract
of Ŝ. Pushing forward via π the residue sequence
0→ Ω1
Ŝ
→ Ω1
Ŝ
(log F )→
⊕N
j=1
OFj → 0
and using the canonical isomorphism π∗Ω
1
Ŝ
≃ π∗Ω
1
Ŝ
(log F ), see [GKKP11,
Theorems 1.4 and 16.1], we obtain the exact sequence
0→
N⊕
j=1
π∗OFj → R
1π∗Ω
1
Ŝ
→ R1π∗Ω
1
Ŝ
(log F )→
N⊕
j=1
R1π∗OFj = 0,
where the last vanishing follows from the rationality of the singularity s.
Since
⊕N
j=1 π∗OFj is a skyscraper sheaf of length N , it suffices to show that
the skyscraper sheaf R1π∗Ω
1
Ŝ
has length at most N . Since
H1(Ŝ,Ω1
Ŝ
) ≃ H0(S,R1π∗Ω
1
Ŝ
),
it suffices to show that h1(Ŝ,Ω1
Ŝ
) ≤ N .
Consider the Fro¨licher spectral sequence
Ep,q1 = H
q(Ŝ,Ωp
Ŝ
) =⇒ Hp+q(Ŝ,C).
Note that E0,11 = H
1(Ŝ,OŜ) = 0 since s is a rational singularity and S is
Stein, and moreover,
E2,11 = H
1
(
Ŝ,O
Ŝ
(K
Ŝ
)
)
= R1π∗OŜ(KŜ) = 0
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by the Grauert-Riemenschneider vanishing. Therefore, E1,1∞ ≃ H1(Ŝ,Ω1
Ŝ
).
On the other hand, since F is a deformation retract of Ŝ, we have
h2(Ŝ,C) = h2(F,C) = N,
and the lemma follows. 
Lemma 8.10. Let Z be a Q-factorial projective threefold with canonical
singularities, and let π : Y → Z be a resolution such that the exceptional set
E =
∑s
j=1Ej is a simple normal crossings divisor on Y . Then:
(a) R2π∗Ω
1
Y (logE) = 0,
(b) the support of the sheaf R1π∗Ω
1
Y (logE) is zero-dimensional.
Proof. For (a), the vanishing [GKKP11, Theorem 14.1] reduces the claim to
R2π∗
(
Ω1Y (logE)|E
)
= 0,
hence we need to show
R2π∗
(
Ω1Y (logE)|Ej
)
= 0
for all components Ej of E. Clearly, this needs to be proved only for those
Ej with dimπ(Ej) = 0, in which case we need to show
H2
(
Ej ,Ω
1
Y (logE)|Ej
)
= 0.
Now clearly H2(Ej ,OEj ) = 0. Using the canonical exact sequence
0→ Ω1Ej(logD)→ Ω
1
Y (logE)|Ej → OEj → 0
with D := E − Ej , it therefore suffices to show that
H2
(
Ej,Ω
1
Ej (logD)
)
= 0,
or dually, that
(36) H0
(
Ej , TEj(− logD)⊗ ωEj
)
= 0.
By [HM07, Corollary 1.5], Ek are uniruled surfaces. If E 6≃ P
2, let ℓ ⊆ Ej
be a general ruling line, so that ℓ ≃ P1 with ℓ2 = 0. If E ≃ P2, let ℓ be a
general line. Then by Lemmas 8.7 and 8.8, the sheaf
Ω1Ej(logD)|ℓ ⊗Oℓ(1)
is nef. This gives the vanishing (36).
For (b), we may assume that the singular locus of Z has only components
of dimension 1. Let y be a general point on such a component. By [Rei80,
Corollary 1.14], locally analytically around y we have Z ≃ S ×∆, where S
is a surface with only rational double points, and ∆ is a small disk. Possibly
shrinking ∆, we may therefore assume that Y = Ŝ ×∆, where τ : Ŝ → S is
a resolution and π = τ × id, and we denote by p̂1 : Y → Ŝ and by p1 : Z → S
the projections. Let F =
∑
Fj be the exceptional divisor of τ , so that
E = F ×∆. Since
Ω1Y (logE) ≃ p̂
∗
1Ω
1
Ŝ
(logF )⊕OY ,
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and since Z has rational singularities, it suffices to show that
R1π∗p̂
∗
1Ω
1
Ŝ
(log F ) = 0.
Since by the flat base change we have
R1π∗p̂
∗
1Ω
1
Ŝ
(log F ) ≃ p∗1R
1τ∗Ω
1
Ŝ
(log F ),
the desired vanishing follows from Lemma 8.9. 
8.3. Cohomology of log differentials. Our first aim is generalisations of
Lemma 2.11 and Proposition 5.2.
Lemma 8.11. Let X be a normal projective Gorenstein threefold and let E
be a reflexive sheaf of rank r on X such that det E is locally free. Assume
that E is big and nef. Then
H2(X, E ⊗ det E ⊗M⊗ ωX) = 0
for any nef line bundle M.
Proof. Choose a resolution of singularities π : X˜ → X such that the sheaf
E˜ := π∗E/torsion is locally free. Since E˜ is big and nef, we have
Hq
(
X˜, E˜ ⊗ det E˜ ⊗ π∗M⊗ ωX˜
)
= 0
for q ≥ 1 and for any nef line bundleM on X by Lemma 2.11. This implies
Rqπ∗
(
E˜ ⊗ det E˜ ⊗ ωX˜
)
= 0
for q ≥ 1 by [Laz04, Lemma 4.3.10], hence
Hq
(
X,π∗
(
E˜ ⊗ det E˜ ⊗ ωX˜
)
⊗M
)
= 0
for q ≥ 1 by the Leray spectral sequence. Now,
π∗
(
E˜ ⊗ det E˜ ⊗ ωX˜
)
⊆ E ⊗ det E ⊗ ωX ,
and the cokernel Q of this inclusion is supported on a set of dimension at
most 1. Hence the result follows from the vanishing Hq(X,Q⊗M) = 0 for
q ≥ 2, and from the long exact sequence in cohomology. 
Theorem 8.12. Let X be a Q-factorial threefold with canonical singularities
and with ωX ≃ OX . Let L be a nef divisor on X with ν(X,L) = 2. Let G be
a general very ample divisor on X. Assume that there exists a very ample
divisor H and a positive integer m1 such that for general D ∈ |H| (so that
D+G has simple normal crossings on the smooth locus of X) the following
holds:
(i) the reflexive sheaf Ω
[1]
X
(
log(D +G)
)
⊗OX(mL) is nef for m ≥ m1,
(ii) the divisor L|D+G is ample.
If L is not semiample, then
H2
(
X,Ω
[1]
X ⊗OX(mL)
)
= 0 for m≫ 0.
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Proof. The proof is an easy adaptation of the proof of Proposition 5.2, us-
ing Lemma 8.11 instead of Lemma 2.11. Only two issues need a word of
explanation.
First, since D is general in its linear system, the complement of the set
(D +G)◦ = Xreg ∩ (D ∪G) is finite, and the residue sequence reads
0→ Ω1Xreg → Ω
1
Xreg
(
log(D +G)◦
)
→ O(D+G)◦ → 0.
This induces the exact sequence
0→ Ω
[1]
X → Ω
[1]
X (logD)→ Q→ 0,
where Q is a coherent sheaf supported on D∪G which agrees with O(D+G)◦
outside of a finite set.
Second, we need to show that Ω
[1]
X
(
log(D + G)
)
⊗ OX(mL) is big for
m ≫ 0. To this end, let m1 be as in the statement of the theorem. Let
π : X˜ → X be a resolution of singularities such that
E˜ = π∗
(
Ω
[1]
X
(
log(D +G)
)
⊗OX(m1L)
)
/torsion
is locally free. Since E˜ is nef, we have s3
(
E˜
)
≥ 0. Now a simple calculation
shows that for m≫ 0,
s3
(
E˜ ⊗ π∗OX(mL)
)
> 0.
In other words, if τ : P(E˜) → X˜ denotes the projection, then for a fixed
m≫ 0 the line bundle
H = O
P(E˜)
(1) ⊗ τ∗π∗OX(mL)
is big and nef. Hence we have
h0
(
X˜, Sk
(
E˜ ⊗ π∗OX(mL)
))
= h0
(
P
(
E˜
)
,H⊗k
)
∼ k5,
and so the sheaf E˜ ⊗ π∗OX(mL) is big. Therefore, pushing forward by π
we obtain that the sheaf Ω
[1]
X
(
log(D + G)
)
⊗ OX
(
(m1 + m)L
)
is big for
m≫ 0. 
Proposition 8.13. Let X be a Calabi-Yau threefold and let L be a nef
divisor on X with ν(X,L) = 2, such that φ : X → Z is a good Calabi-Yau
model for L. Let S1, . . . , Sr be all the prime divisors on X orthogonal to
L, and let M be a nef divisor on Z such that L ∼ φ∗M . Fix a resolution
τ : Y → X such that the exceptional set of the induced morphism π : Y → Z
is a simple normal crossings divisor E =
∑s
j=1Ej on Y .
Y
τ //
π
  ❆
❆❆
❆❆
❆❆
❆ X
φ

Z
Under the assumptions of Theorem 8.12, suppose that L is not semiample.
Then we have:
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(i) H1
(
Y,Ω1Y (logE)⊗ π
∗OZ(mM)
)
= 0 for any m≪ 0,
(ii) H1
(
Z,Ω
[1]
Z ⊗OZ(mM)
)
= H3
(
Z,Ω
[1]
Z ⊗OZ(mM)
)
= 0 for any m≪
0,
(iii) χ
(
Z,Ω
[1]
Z ⊗OZ(mM)
)
= 0 for all integers m,
(iv) Hq
(
Z,Ω
[1]
Z ⊗ OZ(mM)
)
= 0 for all q and all integers m such that
|m| ≫ 0,
(v) R1π∗Ω
1
Y (logE) = 0,
(vi) Hq
(
Y,Ω1Y (logE)⊗ π
∗OZ(mM)
)
= 0 for all q and all m≫ 0.
Proof. The statement (i) is [Wil94, Proposition 2.1]. Since
(37) π∗Ω
p
Y (logE) ≃ Ω
[p]
Z and φ∗Ω
p
X ≃ Ω
[p]
Z for all 0 ≤ p ≤ 3
by [GKKP11, Theorem 16.1 and Theorem 1.4], the first vanishing of (ii)
follows from (i) by the Leray spectral sequence. For the second vanishing,
Serre duality, (37) and Proposition 3.4 give
H3
(
Z,Ω
[1]
Z ⊗OZ(mM)
)
≃ Hom
(
Ω
[1]
Z ⊗OZ(mM),OZ
)
≃ H0
(
Z,Ω
[2]
Z ⊗OZ(−mM)
)
≃ H0
(
X,Ω2X ⊗OX(−mL)
)
= 0.
For (iii), since L is not semiample, we have that χ
(
X,Ω1X ⊗OX(mL)
)
is
independent of m by Proposition 2.2(iv). Then (37) and the Leray spectral
sequence give
χ
(
X,Ω1X ⊗OX(mL)
)
= χ
(
Z,Ω
[1]
Z ⊗OZ(mM)
)
− χ
(
Z,R1φ∗Ω
1
X ⊗OZ(mM)
)
+ χ
(
Z,R2φ∗Ω
1
Z ⊗OZ(mM)
)
.
Since M is numerically trivial on the support of Rqφ∗Ω
1
X for q = 1, 2, we
obtain that χ
(
Z,Ω
[1]
Z ⊗OZ(mM)
)
is independent of m. Now, if m≫ 0, then
χ
(
Z,Ω
[1]
Z ⊗OZ(mM)
)
≤ 0 by Propositions 3.4 and 2.8 and by Theorem 8.12,
whereas when m≪ 0, then χ
(
Z,Ω
[1]
Z ⊗OZ(mM)
)
≥ 0 by (ii).
The assertion (iv) is a direct consequence of the proof of (iii).
For (v), by Lemma 8.10(b) the support of R1π∗Ω
1
Y (logE) is finite, and
thus we need to show that
(38) H0
(
Z,R1π∗Ω
1
Y (logE)
)
= 0.
Choose a large positive integer m. Consider the Leray spectral sequence
Ep,q2 = H
p
(
Z,Rqπ∗Ω
1
Y (logE)⊗OZ(−mM)
)
=⇒ Hp+q
(
Y,Ω1Y (logE)⊗ π
∗OZ(−mM)
)
.
Then E2,02 = 0 by (iv) and (37), and hence E
0,1
2 = 0 by (i), which implies
(38).
Finally, (vi) follows from (iv), (v), and from Lemma 8.10(a). 
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Proof of Theorem 8.5. Assume that L is not semiample. Fix a resolution
τ : Y → X such that the exceptional set of the induced morphism π : Y → Z
is a simple normal crossings divisor E =
∑s
j=1Ej on Y ; we may choose τ as a
finite sequence of blowups along smooth centres which lie in the exceptional
locus of φ, hence π∗M |Ej ≡ 0 for all j. Then the residue sequence (2) and
Proposition 8.13(vi) give
χ
(
Y,Ω1Y ⊗OY (mπ
∗M)
)
= −
s∑
j=1
χ
(
Ej ,OEj (mπ
∗M)
)
= −
s∑
j=1
χ(Ej,OEj )
for m≫ 0. The Riemann-Roch therefore gives
χ
(
Y,Ω1Y ⊗OY (mπ
∗M)
)
= χ(Y,Ω1Y ) for all m.
By relabelling, we assume that Ej are strict transforms of Sj for j = 1, . . . , r,
that Ej come from blowing-up a smooth curve Bj on some model of X for
j = r + 1, . . . , r + t, and that Ej come from blowing-up points for j =
r + t+ 1, . . . , s. Then h1,1(Y ) = h1,1(X) + s− r and
h2,1(Y ) = h2,1(X) +
r+t∑
j=r+1
g(Bj),
hence
χ(X,Ω1X) = s− r −
r+t∑
j=r+1
g(Bj)−
s∑
j=1
χ(Ej,OEj ).
Now χ(Ej ,OEj ) = 1 − gj for j = 1, . . . , r, χ(Ej ,OEj ) = 1 − g(Bj) for
j = r + 1, . . . , r + t and χ(Ej ,OEj ) = 1 for j = r + t+ 1, . . . , s, thus
χ(X,Ω1X) = −r +
r∑
j=1
gj ,
which together with Proposition 2.2(iv) finishes the proof of Theorem 8.5.

References
[Anc82] V. Ancona, Faisceaux amples sur les espaces analytiques, Trans. Amer. Math.
Soc. 274 (1982), no. 1, 89–100.
[BCE+02] Th. Bauer, F. Campana, Th. Eckl, S. Kebekus, Th. Peternell, S. Rams,
T. Szemberg, and L. Wotzlaw, A reduction map for nef line bundles, Com-
plex geometry (Go¨ttingen, 2000), Springer, Berlin, 2002, pp. 27–36.
[Bir11] C. Birkar, On existence of log minimal models II, J. Reine Angew. Math. 658
(2011), 99–113.
[Bou04] S. Boucksom, Divisorial Zariski decompositions on compact complex manifolds,
Ann. Sci. E´cole Norm. Sup. (4) 37 (2004), no. 1, 45–76.
[CL14] P. Cascini and V. Lazic´, On the number of minimal models of a log smooth
threefold, J. Math. Pures Appl. 102 (2014), no. 3, 597–616.
[CO15] S. Cantat and K. Oguiso, Birational automorphism groups and the movable
cone theorem for Calabi-Yau manifolds of Wehler type via universal Coxeter
groups, Amer. J. Math. 137 (2015), no. 4, 1013–1044.
38 VLADIMIR LAZIC´, KEIJI OGUISO, AND THOMAS PETERNELL
[CP11] F. Campana and Th. Peternell, Geometric stability of the cotangent bundle
and the universal cover of a projective manifold, Bull. Soc. Math. France 139
(2011), no. 1, 41–74, With an appendix by Matei Toma.
[CP15] F. Campana and M. Pa˘un, Foliations with positive slopes and birational sta-
bility of orbifold cotangent bundles, arXiv:1508.02456.
[DEL00] J.-P. Demailly, L. Ein, and R. Lazarsfeld, A subadditivity property of multiplier
ideals, Michigan Math. J. 48 (2000), 137–156.
[Dem01] J.-P. Demailly, Multiplier ideal sheaves and analytic methods in algebraic ge-
ometry, School on Vanishing Theorems and Effective Results in Algebraic
Geometry (Trieste, 2000), ICTP Lect. Notes, vol. 6, Abdus Salam Int. Cent.
Theoret. Phys., Trieste, 2001, pp. 1–148.
[DF14] S. Diverio and A. Ferretti, On a conjecture of Oguiso about rational curves on
Calabi-Yau threefolds, Comment. Math. Helv. 89 (2014), no. 1, 157–172.
[DPS01] J.-P. Demailly, Th. Peternell, and M. Schneider, Pseudo-effective line bundles
on compact ka¨hler manifolds, Int. J. Math. 12 (2001), no. 6, 689–741.
[Dru11] S. Druel, Quelques remarques sur la de´composition de Zariski divisorielle sur
les varie´te´s dont la premie`re classe de Chern est nulle, Math. Z. 267 (2011),
no. 1-2, 413–423.
[EV92] H. Esnault and E. Viehweg, Lectures on vanishing theorems, DMV Seminar,
vol. 20, Birkha¨user Verlag, Basel, 1992.
[Fuj83] T. Fujita, Vanishing theorems for semipositive line bundles, Algebraic geome-
try (Tokyo/Kyoto, 1982), Lecture Notes in Math., vol. 1016, Springer, Berlin,
1983, pp. 519–528.
[Ful98] W. Fulton, Intersection theory, second ed., Ergebnisse der Mathematik und
ihrer Grenzgebiete, vol. 2, Springer-Verlag, Berlin, 1998.
[GKKP11] D. Greb, S. Kebekus, S. J. Kova´cs, and Th. Peternell, Differential forms on
log canonical spaces, Publ. Math. Inst. Hautes E´tudes Sci. (2011), no. 114,
87–169.
[GKP16] D. Greb, S. Kebekus, and Th. Peternell, E´tale fundamental groups of Kawa-
mata log terminal spaces, flat sheaves, and quotients of abelian varieties, Duke
Math. J. 165 (2016), no. 10, 1965–2004.
[Har77] R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, vol. 52,
Springer-Verlag, New York, 1977.
[Har80] , Stable reflexive sheaves, Math. Ann. 254 (1980), no. 2, 121–176.
[HBW92] D. R. Heath-Brown and P. M. H. Wilson, Calabi-Yau threefolds with ρ > 13,
Math. Ann. 294 (1992), no. 1, 49–57.
[HM07] C. D. Hacon and J. McKernan, On Shokurov’s rational connectedness conjec-
ture, Duke Math. J. 138 (2007), no. 1, 119–136.
[HPR13] A. Ho¨ring, Th. Peternell, and I. Radloff, Uniformisation in dimension four:
towards a conjecture of Iitaka, Math. Z. 274 (2013), 483–497.
[Kaw82] Y. Kawamata, A generalization of Kodaira-Ramanujam’s vanishing theorem,
Math. Ann. 261 (1982), no. 1, 43–46.
[Kaw85] , Minimal models and the Kodaira dimension of algebraic fiber spaces,
J. Reine Angew. Math. 363 (1985), 1–46.
[Kaw92] , Abundance theorem for minimal threefolds, Invent. Math. 108 (1992),
no. 2, 229–246.
[Kaw97] , On the cone of divisors of Calabi-Yau fiber spaces, Internat. J. Math.
8 (1997), no. 5, 665–687.
[KMM94] S. Keel, K. Matsuki, and J. McKernan, Log abundance theorem for threefolds,
Duke Math. J. 75 (1994), 99–119.
[Kob87] S. Kobayashi, Differential geometry of complex vector bundles, Publications
of the Mathematical Society of Japan, vol. 15, Princeton University Press,
Princeton, NJ; Iwanami Shoten, Tokyo, 1987.
NEF LINE BUNDLES ON CALABI-YAU THREEFOLDS, I 39
[Kol89] J. Kolla´r, Flops, Nagoya Math. J. 113 (1989), 15–36.
[Laz04] R. Lazarsfeld, Positivity in algebraic geometry. I, II, Ergebnisse der Mathe-
matik und ihrer Grenzgebiete, vol. 48, 49, Springer-Verlag, Berlin, 2004.
[Leh15] B. Lehmann, Numerical triviality and pullbacks, J. Pure Appl. Algebra 219
(2015), no. 12, 5637–5649.
[Loo14] E. Looijenga, Discrete automorphism groups of convex cones of finite type,
Compos. Math. 150 (2014), no. 11, 1939–1962.
[LP13] V. Lazic´ and Th. Peternell, On the cone conjecture for Calabi-Yau manifolds
with Picard number two, Math. Res. Lett. 20 (2013), no. 6, 1103–1113.
[LP18] V. Lazic´ and Th. Peternell, Abundance for varieties with many differential
forms, E´pijournal Geom. Alge´brique 2 (2018), Article 1.
[Miy87] Y. Miyaoka, The Chern classes and Kodaira dimension of a minimal variety,
Algebraic geometry, Sendai, 1985, Adv. Stud. Pure Math., vol. 10, North-
Holland, Amsterdam, 1987, pp. 449–476.
[Mor93] D. R. Morrison, Compactifications of moduli spaces inspired by mirror symme-
try, Aste´risque (1993), no. 218, 243–271.
[Nak04] N. Nakayama, Zariski-decomposition and abundance, MSJ Memoirs, vol. 14,
Mathematical Society of Japan, Tokyo, 2004.
[Ogu93] K. Oguiso, On algebraic fiber space structures on a Calabi-Yau 3-fold, Internat.
J. Math. 4 (1993), no. 3, 439–465, With an appendix by Noboru Nakayama.
[Ogu14] , Automorphism groups of Calabi-Yau manifolds of Picard number 2,
J. Algebraic Geom. 23 (2014), no. 4, 775–795.
[OTT81] N. R. O’Brian, D. Toledo, and Y. L. L. Tong, Hirzebruch-Riemann-Roch for
coherent sheaves, Amer. J. Math. 103 (1981), no. 2, 253–271.
[Pet91] Th. Peternell, Calabi-Yau manifolds and a conjecture of Kobayashi, Math. Z.
207 (1991), no. 2, 305–318.
[Rei80] M. Reid, Canonical 3-folds, Journe´es de Ge´ome´trie Alge´brique d’Angers
(A. Beauville, ed.), Sijthoof and Nordhoof, Alphen aan den Rijn, 1980,
pp. 273–310.
[Sho85] V. V. Shokurov, A nonvanishing theorem, Izv. Akad. Nauk SSSR Ser. Mat. 49
(1985), no. 3, 635–651.
[Wil89] P. M. H. Wilson, Calabi-Yau manifolds with large Picard number, Invent.
Math. 98 (1989), no. 1, 139–155.
[Wil94] , The existence of elliptic fibre space structures on Calabi-Yau three-
folds, Math. Ann. 300 (1994), no. 4, 693–703.
Fachrichtung Mathematik, Campus, Geba¨ude E2.4, Universita¨t des Saarlan-
des, 66123 Saarbru¨cken, Germany
E-mail address: lazic@math.uni-sb.de
Graduate School of Mathematical Sciences, University of Tokyo, Komaba,
Meguro, Tokyo, 153-8914, Japan and Korea Institute for Advanced Study,
Hoegiro 87, Seoul, 130-722, Korea
E-mail address: oguiso@ms.u-tokyo.ac.jp
Mathematisches Institut, Universita¨t Bayreuth, 95440 Bayreuth, Germany
E-mail address: thomas.peternell@uni-bayreuth.de
